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Abstract 



One constructs new operations of pull-back and push- forward on valuations on man- 
ifolds with respect to submersions and immersions. A general Radon type transform 
on valuations is introduced using these operations and the product on valuations. It 
■ is shown that the classical Radon transform on smooth functions, and the well known 

, Radon transform on constructible functions with respect to the Euler characteristic 

are special cases of this new Radon transform. An inversion formula for the Radon 
transform on valuations has been proven in a specific case of real projective spaces. 
^ ! Relations of these operations to yet another classical type of integral geometry, Crofton 

J> ' and kinematic formulas, are indicated. 
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Introduction. 

0.1 A general overview of the article. 

The theory of valuations on manifolds was introduced in [1], [5], [10], [6]; see also the survey 
of these results |7j . This theory generalizes in some direction the classical theory of valuations 
on convex subsets of (see e.g. the surveys McMullen-Schneider |29] and McMuUen |28j). 

Let us describe a basic idea behind this new notion of a valuation on a manifold in an 
informal way. Valuation is a finitely additive complex valued functional defined on "nice" 
subsets of a smooth manifold X with some extra properties to be discussed. By "nice" 
subsets we usually mean compact submanifolds with corners, while in the classical theory of 
valuations one considers the class of finite unions of convex compact subsets of V = R". 

The class of all finitely additive measures is too large and is probably out of control. 
In order to have a more restricted class of measures which still covers interesting examples 
from geometry and analysis, one could try to look for an extra condition of analytic nature 
which would tell how the measures of sets behave with respect to limits. In the classical 
measure theory of Lebesgue this condition is the countable additivity. As everybody knows, 
this condition turned out to be extremely useful in numerous situations. 

In the new theory of valuations on manifolds we impose a rather different analytic condi- 
tion (some version of continuity or smoothness). While on a general manifold this condition 
is somewhat technical (see [5]), it is basically motivated by the classical theory of valuations 
on convex sets in combination with some ideas from geometric measure theory: in the case 
of A = R" the main condition is the continuity of the valuation on the class of convex 
compact sets with respect to the Hausdorff metric, namely if {A^} is a sequence of con- 
vex compact sets converging in the Hausdorff metric to another convex set A then (j){Kk) 
— > <f){K). To the best of our knowledge, this condition of continuity was first introduced 
and systematically studied by Hadwiger, see his book [22]. Notice here also that results of 
geometric measure theory imply that the right generalization of this continuity condition to 
a more general class of non-convex sets is as follows: if {Ak} is a sequence of "nice" compact 
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subsets of a manifold X such that the sequence of their normal cycles {A^(Afc)} (see Section 
11.51 below) converges in the flat topology on currents to the normal cycle of a set A, then 
(f){Ak) — > (piA). On convex sets this kind of convergence is equivalent to the convergence in 
the Hausdorff metric. 

We would like to emphasize that valuations may not be countably additive. Never- 
theless smooth countably additive measures (i.e. those which locally can be written as 
f{xi, . . . , Xn)dxi . . . dxn with the function / being C°°-smooth) are simplest examples of val- 
uations in the new theory. Usually valuations cannot be defined on too broad class of sets, 
say on Borel sets. The most general class of sets for this theory is not very clear for the 
moment. Nevertheless if the manifold X is real analytic then any smooth valuation can 
be naturally evaluated on any subanalytic relatively compact subset. It seems very likely 
that on a general smooth manifold X valuations can naturally be evaluated also on compact 
subsets of positive reach (though a detailed proof have not appeared anywhere). 

Another most basic example of a valuation is the Euler characteristic; definitely it is not 
countably additive, and it is not defined on say Borel sets. The classical theory of valuations 
on convex sets provides us with many more examples of valuations of geometric importance. 
Let us consider the Euclidean plane M^. The length of the boundary of a set is an example 
of smooth valuation. In particular, it is defined on all compact submanifolds with corners 
and is continuous with respect to the Hausdorff metric on convex compact subsets. 

More generally let us fix in M" convex compact domains Ai, . . . , Ak, 1 < k < n — 1, with 
smooth positively curved boundaries. Consider the mixed volume 



Classically it is defined only for convex sets K (see e.g. [35]), but in fact it can be naturally 
extended to all compact submanifolds with corners in M", and this extension is a smooth 
valuation. For example if we take Ai = ■ ■ ■ = Aj. io he the unit Euclidean ball then the 
valuation defined by 10.1. H is (up to a constant) the so called {n — k)-i]i intrinsic volume (in 
another terminology it is also called the Lipschitz-Killing curvature). In particular taking 
n = 2, k = \, and Ai being the Euclidean ball, we recover the length of the boundary of a 
subset of M?. There are also some other natural sources of valuations, for example coming 
from integral geometry. 

Let us also mention that the space of translation invariant (continuous) valuations on 
convex subsets of R" is a very classical object; this space almost coincides with the space of 
translation invariant valuations in the new setting of manifolds (more precisely, the former 
space contains the latter as a dense subspace). For n > 2 this space is infinite dimensional: it 
contains not only the Lebesgue measure, but also the Euler characteristic and all the mixed 
volumes. Nevertheless this space is not out of control, and much is known about it [22], [2S], 



Let us denote by V°°{X) the space of smooth valuations on a manifold X (see Section 
11.61 for a formal definition). It is naturally a Frechet space. It has rich structures (see the 
survey [7]). In this article the multiplicative structure on V^i^X) will be of a particular 



<P{K) ■= V{K,...,K,A^,...,An-k). 



(0.1.1) 



n-k times 
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importance. The space V°°{X) has a canonical product 



which is continuous, and V°°{X) becomes a commutative associative algebra; the Euler 
characteristic x is its unit element. The product on valuations was introduced first in [2] 
for so called polynomial valuations on convex subsets of M", then extended to any smooth 
valuations on MJ^ in [1], and eventually in [TOj it was shown that it is independent of the 
affine structure on R"', and hence extends to any manifold. A rather different construction 
of this product has been recently given in [9j. 

The first main goal of this article is to introduce the operations of pull-back and push- 
forward on valuations under smooth maps of manifolds. This is done under rather restrictive 
assumptions on the maps: they are assumed to be either submersions or immersions (more 
general cases will be discussed elsewhere). Nevertheless these cases are sufficient for some 
applications to integral geometry. 

The second main goal of the article is to introduce a general Radon type transform on 
valuations. The construction of it involves the product on valuations and the operations of 
pull-back and push-forward mentioned above. We show that the classical Radon transform 
on smooth functions can be considered as a very special case of this new Radon transform 
(see Section Moreover this new Radon transform generalizes (partly conjecturally) the 
well known and seemingly completely different Radon transform on constructible functions 
with respect to the Euler characteristic (see Section S3])- 

Eventually we prove in Theorem 14 . 3 . 41 an inversion formula for this new Radon transform 
on smooth valuations in a very concrete situation, generalizing the Khovanskii-Pukhlikov 
inversion formula [26] for the Radon transform with respect to the Euler characteristic on 
constructible functions on the real projective space MP". 

In Section 14.41 we discuss the relations of the product, pull-back, and push- forward on 
valuations to yet another classical and quite different type of integral geometry: kinematic 
and Crofton type formulas. 

Thus valuations on manifolds provide a general set up to unify different directions of 
integral geometry. 

0.2 A more detailed overview of the main results. 

Let us denote by V{X) the family of all compact submanifolds with corners of a manifold X. 
A smooth valuations are finitely additive functionals V{X) — > C satisfying some additional 
conditions (see Section [TT^ . 

We have to recall few more general properties of valuations on manifolds (see e.g. the 
survey [7]). We denote by V^{X) the subspace of V°°{X) of compactly supported valuations. 
By [6] we have the integration functional 




given by J (p '■= 0(X). This is a linear functional which is continuous in appropriate topology 
on r,°°(X). 
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We have a continuous bilinear map 

v;~(x) X v^{x) c 

defined hj {(f),ip) ^-^ J (p ■ ip where under the integral we have the product on valuations 
mentioned above. By [6j (see also [TT] for a simpler proof) this bilinear map is a perfect 
pairing, i.e. the induced map 

V^{X) (0-2.1) 

is injective and has a dense image in the weak topology. Thus we denote by V~°°{X) : = 
{V^{X))* and call it the space of generalized valuations. Via the map (10.2. II) we identify 
the space V°°{X) of smooth valuations with its image in the space V~°°{X) of generalized 
valuations: 

V^iX) c v-'^ix). 

Next we denote by J-'{X) the space of constructible functions on X. In this article we 
call a function f:X — > C constructible if / is a finite linear combination with complex 
coefficients of the indicator functions of compact submanifolds with corners: / = Yli'^i^Pi 
with Pi e P(X), ai e C. 

0.2.1 Remark. In [6J we have used a slightly different definition of constructible functions 
following [25]. That definition makes sense only on real analytic manifolds. Nevertheless all 
the results from [6j extend immediately to the present context. 

We have the natural linear map 

E-p: J^{X) V-°°{X) 

given by k§ [0 '^i(yi4>{Pi)]- By [6j, Section 8.1, this map is an injective imbed- 

ding with dense image. Thus we get that the space V~^{X) of generalized valuations has 
two different dense subspaces: 

V°°{X) C V-°°{X) D J^{X). 

These imbeddings are often very useful since various structures on valuations can be re- 
stricted to constructible functions J-'{X) where they can be interpreted in more familiar 
terms. For example the above mentioned product on y°°(X) has the following interpreta- 
tion. It was shown in [9] that V~°°{X) has a partially defined product, i.e. two generalized 
valuations can be multiplied if they are in "generic position" to each other (the precise 
technical conditions are formulated on the language of wave front sets). For two smooth 
valuations this condition is satisfied automatically, and the product coincides with the above 
mentioned product on V°°{X). On the other hand, the restriction of this partial product 
to J^{X) is the usual pointwise product on constructible functions (see [H]; here is another 
technical difficulty: the pointwise product of constructible functions is not constructible in 
general, unless the two functions are in "generic position" to each other). 
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After this reminder let us discuss the main results of this article. Let us discuss the 
pull-back and push-forward of valuations. In this introduction the discussion will be not 
completely rigorous and partly conjectural. The precise, but more technical, results can be 
found in the main text of the article. We will try however to indicate what is rigorous and 
what is not. 

Let f : M — > be a smooth proper map of smooth manifolds. Under appropriate 
assumptions one should be able to define a linear map 

V°°{M) V-°°{N) 

called push-forward. The main idea is that f^, should satisfy the usual (in comparison to the 
classical measure theory) property 

for any P G V{N). On the technical level this is not well defined of course since the set 
f^^{P) may not belong to V{M). Nevertheless if / is a submersion we get a well defined map 

\/°°(M) V^iN) (see Section [32]). For immersions the push-forward 1/-°°(M) 
— > V^°°{N) is defined rigorously in Section [3^ One expects that (/ o (?)* = /* o (7^. 

The pull-back map /* : V°°{N) V~°°{M) should be defined as the dual of Rigor- 
ously this has been done for immersions in Section 13.11 and for submersions in Section 13.31 
One expects that {f o g)* = g* o f*. 

Let us discuss these operations in some examples. First recall that smooth measures 
form a subspace of smooth valuations. Then the restriction of /* to smooth measures should 
coincide with the classical push-forward of measures; we have proven this when / is either 
submersion or immersion. 

Under appropriate assumptions /* and /* should be extended by continuity to larger 
subspaces of generalized valuations. Then we could restrict them to constructible functions 
(which are, perhaps, in "generic position" to the map /). Then on constructible functions 
/* should coincide with the usual pull-back of functions (this is proved rigorously for sub- 
mersions in Section [X^ and for imbeddings in Proposition 13.5. 1^ . 

The push-forward f^, should coincide with the less trivial operation of integration with 
respect to the Euler characteristic along the fibers. It means the following: if Ip denotes the 
indicator function of a set P G V{M) then 

{Mlp)){y) = X{P n f-\y)) 

for any y E N . If P is in "generic position" with respect to / then /*(lp) is a constructible 
function. This fact seems to be particularly technical to prove in full generality. We have 
proven it under quite restrictive assumptions (see Section 13.61 and the proof of Proposition 
I4.3.8p . That was necessary for applications in integral geometry in Section 

Notice that pull-back of the Euler characteristic is the Euler characteristic whenever the 
pull-back is defined. We would like to have one more remark on /* when f:M — ^ is 
a submersion. In this case we have shown in Section [3.31 that /* : V~°°{N) — > V~°°{M) 
is a continuous linear map. Let us restrict this map to smooth measures. The classical 
measure theory tells us that on measures there is no operation of pull-back. The new thing 
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is that we can define the pull-back of a measure to be a (generalized) valuation. With an 
oversimplification, we have for a smooth measure /i on A^: 



(r/i)(P)= / xiPnf-\y))dfi{y). 



N 



Let us discuss now our applications of these constructions to integral geometry. A double 
fibration is a diagram 

of smooth submersive maps of smooth manifolds such that the map qi x Z — X x y is 
a closed imbedding. We assume in addition that q2 is proper. Let us fix a smooth valuation 
7 G V°°{Z). We define a map which we call the Radon transform on valuations 

by R'y{(p) = q2*{l ■ q*4>) where the pull-back, push-forward, and the product are understood 
in the sense of valuations. Theorem I4.L1I says that R^ is a well defined continuous linear 
operator. Here is a technical difficulty: though is a smooth valuation, the pull-back ql(j) is 
not smooth in general. Hence in order to define R'y{4>) in general it was necessary to extend 
(partially) the push-forward map to generalized valuations. 

Moreover Corollary 14.1.71 says that under certain assumption on the double fibration, R^ 
takes values in smooth valuations \/°°(y) for any 7 G V°°{Z), and it is a continuous linear 
map 

V°°{X) — ^ V^iY). 

Also under a similar assumption R^ extends (uniquely) by continuity to a linear map on 
generalized valuations 

V-°°{X) V^'^iY). 

Next we show that in the case when 7 is a smooth measure, considered as a smooth 
valuation, the above Radon transform R^ can be considered as the classical Radon transform 
on smooth functions. More precisely, R^ uniquely factorizes in the following way: 

R'y 



V°°{X) ^ V-°°(r) D M'=^{Y) 




C^iX) 

where the surjection V°°{X) C°°{X) is the evaluation-on-points map, i.e. 

and the map C°°{X) — > A4'^{Y) is the classical Radon transform from the space C°^(X) of 
smooth functions to the space M.°°{Y) of smooth measures (see Section 1^121) . 

Let us consider another case when 7 = x is the Euler characteristic. Assume that 
R^ extends by continuity to a linear map V'°°{X) — > V~°°(Y) (which is the case under 



7 



appropriate assumptions; see Corollary 14.1.71) . Then we conjecture that -R^(JF(X)) C J-'{Y) 
(at least for "generic" constructible functions) and the map i?^: J-'{X) — > ^(X) coincides 
with the Radon transform with respect to the Euler characteristic. Such kind of the Radon 
transform was considered by several authors under various modifications of the notion of 
constructibility: see e.g. [26], [27], [31]; in the earlier paper [36] the constructibility was 
considered in the sense of complex analytic geometry. We have not proven this conjecture in 
full generality, but some special cases of it were proven and used in Section 14. 3[ 

In Section H3] we describe relations of the product, pull-back, and push-forward on val- 
uations to a very different type of integral geometry: kinematic and Crofton type formulas. 

Finally let us describe our last main result: an inversion formula for the Radon transform 
on smooth valuations in a very concrete situation. Let MP" denote the real projective space, 
i.e. the space of lines through the origin in ]R"+^. Let MP"^ denote the dual projective space, 
i.e. the space of hyperplanes through the origin in M"+^. Let Z be the incidence variety, 
namely 

Z := {(/, H) e MP" X MP""^! / C H}. 

Let MP" ^ Z MP"^ be the double fibration where qi, q2 are the obvious projections. We 
have the Radon transform with respect to the Euler characteristic 

R^: V^iW) y°°(MP"^) (0.2.2) 

defined as above, i.e. (taking into account that x is the unit element) R^ = g2*'?i- Then 
R^ is invertible up to multiples of the Euler characteristic. More precisely consider the dual 
Radon transform 

i?^: •l/°°(MP"^) 1/°°(MP") 

defined similarly by i?^ := quq2- Then we prove (Theorem I4.3.4P that for any (p G y°°(MP") 
one has 

(-l)"-i(4 o = + l((-l)"-i [ A-x. (0.2.3) 

This inversion formula was motivated by the inversion formula for the Radon transform 
with respect to the Euler characteristic on "constructible" functions due to Khovanskii and 
Pukhlikov [SB]. Actually their notion of constructibility was more restrictive one that what 
we have described above. The same inversion formula, but for functions constructible in 
subanalytic sense, was proved by Schapira [3^ . 

0.2.2 Remark. Our proof of the inversion formula (10. 2. 31) on smooth valuations uses in fact 
the above mentioned result by Khovanskii and Pukhlikov and generalizes it in the following 
sense. The Radon transform R^ can be extended by continuity to a linear map on generalized 
valuations 

R^: V^-°°(MP") V-°°(MP"^). 

Similarly i?^ extends by continuity to generalized valuations. 

If we restrict R^ to the subspace of constructible functions in the sense of Khovanskii- 
Pukhlikov (i.e. finite linear combinations of indicator functions of convex compact polytopes 
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in MP") then we show that coincides with the Radon transform with respect to the 
Euler characteristic. Since such functions are also dense in l^~°°(]RP"), it suffices to prove 
the inversion formula flO.2.31) for them, and this was done by Khovanskii-Pukhlikov [26j . 
We conjecture that the restriction of Ry^ to the broader class of subanalytic constructible 
functions also coincides with the Radon transform with respect to the Euler characteristic 
on this class. This would generalize then (a special case of) the result by Schapira [31] in 
the same way as we have generalized the result of Khovanskii-Pukhlikov. 

Acknowledgements. I thank J. Bernstein for numerous useful discussions, and V. 
Milman for his attention to this work. I thank also V. Palamodov and S. Schochet for their 
explanations on wave front sets. 

0.3 Notation list. 

• V'^{X) - the space of smooth valuations on a manifold X. 

• V~°°{X) - the space of generalized valuations on a manifold X. 

• J^{X) - the space of constructible functions on X (in the smooth sense). 

• JF""'(X) the space of constructible functions on a real analytic manifold X (in the 
subanalytic sense). 

V{X) - the family of compact submanifolds with corners in X. 

• R^ - the Radon transform on valuations with the kernel 7. 

• IP+(V^) - the oriented projectivization of a real vector space (or a vector bundle) V , i.e. 

(n{o})/M>o. 

• Vt^ - either the vector bundle or the space of smooth fc-forms. 

• \oJx\ - the line bundle of densities on X. 

• C°°(X, £^) - the space of smooth sections of a vector bundle £ over X. 

• C^'^{X,£) - the space of generalized sections of a vector bundle £. 

• WF{u) - the wave front of a generalized section u. 

• C'a°°(^5^) " the space of generalized sections of a vector bundle £ with wave front 
contained in a subset A C T*X. 

• [[Z]] - a current associated to a submanifold Z. 

• Vk{X) - the space of fc-currents on X. 

• D - the Rumin differential operator on forms on a contact manifold. 

• Fx - the spherical cotangent bundle of X, i.e. Fx '■= P+(T*X). 

• N{P) - the normal cycle of a subset P. 

• Ip - the indicator function of a subset P G X. 

• T^X - the conormal bundle of a submanifold Z G X. 

1 Background 

1.1 Manifolds with corners. 

1.1.1 Definition. A closed subset P of an n-dimensional smooth manifold X is called a 
submanifold with corners of dimension k if any point p G P has an open neighborhood U 3 p 
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and a C°°-diffeomorphism : U — ^ such that for some r > 

= 0, 

0(P nU)= M'>o X X Ok-* 

where O^n-k is the zero element of M""'^. The set of submanifolds with corners is denoted by 
PiX). 

The number r is defined uniquely by the point p, but may depend on it. This r is called 
type of a point p. 

1.1.2 Example. 1. Any smooth submanifold of X with or without boundary is a sub- 
manifold with corners. 

2. A convex compact ra-dimensional polytope P C M" is a submanifold with corners if 
and only if P is simplicial, namely every vertex has exactly n adjacent edges. The 
vertices are precisely the points of type 0. 

A submanifold with corners P G X has a natural finite stratification by locally closed 
smooth submanifolds as follows. For any integer r, < r < n let us denote by Sr{P) the 
union of all points of type r. Then the Sr{P) are locally closed smooth disjoint submanifolds 
of X and 

dim P 

P= U Sr{P). 

r=0 

This stratification of P will be called canonical stratification. 

1.1.3 Definition. Let P and Q be two closed submanifolds with corners of X. We say 
that P and Q intersect transversally if each stratum of the canonical stratification of P is 
transversal to each stratum of the canonical stratification of Q. 

It is well known (se e.g. [5], Lemma 2.L10) that if two closed submanifold with corners 
P and Q intersect transversally in the sense of Definition 11.1.31 then P (1 Q is also a closed 
submanifold with corners. 

1.2 Construction of oriented blow up along a submanifold. 

Let X be a smooth manifold and Y G X he its closed submanifold (both X and Y are 
without corners or boundary). We remind here the so called oriented blow up of X along Y 
which is manifold with boundary X and a smooth map a: X — > X. 

Let TyX := TX\y/TY be the normal bundle of Y. Let P+(TyX) := (TyX\0)/M>o be 
the oriented projectivization of it. Set theoretically, one defines 

X:=¥4TyX)\JiX\Y). 

The map a: X — ^ X is equal to Id on X\y, and to the natural projection P+(TyX) 
F C X on P+(TyX). 
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For the details of defining the smooth structure of X we refer to [30], Ch. 5 (see also [9] 
for a special situation which suffices too for the purposes of this article). Here we give an 



idea how to do that for X 
imbedding 

X\Y - 



X X P, 



Y = R''x 0„ u c 



Let us consider the 



given by (x, y) (x, y, I) where x G M.^, y G M"~'^\0, and / is the only oriented line in M""'^ 
passing through and y and oriented from to y. Then define X to be the closure of the 
image of X\Y under this map. The map a: X — > X is the restriction to X of the natural 
projection W — > X. 

It is not hard to see that the case of a general manifold X can be deduced from this 
one by doing this construction in each coordinate chart and then gluing. Moreover any 
diffeomorphism / : X — > X such that f{Y) = Y has a unique lifting to a diffeomorphism 
/ : X — > X such that the diagram 




is commutative. 



1.3 The Rumin differential operator. 

Let M be a contact manifold of dimension 2n — 1. Recall that this means that M is given 
a smooth distribution of codimension 1 (i.e. a smooth field of hyperplanes in the tangent 
bundle) which is completely non-integrable. More explicitly, locally there exists a 1-form a 
such that the field of hyperplanes is equal to Kera with the property that a A c/a"""^ 7^ 0. 
This form a, which is called contact form, is unique up to multiplication by a non- vanishing 
smooth function. 

A form uj G Q*{M) is called vertical if it vanishes on the contact distribution. Given a 
local contact form a, the form u is vertical if and only if A a = 0, or equivalently uj = aA(j) 
for some G Q*{M). 

Given uj G Q"'~^{M), there exists a unique vertical form u' G Q"'^^ such that d{uj + u') is 
vertical (see [32J)- We define the projection operator Q : Q"'^^{M) — > Q"'^^{M) by setting 
Qu := UJ + u'. This operator is a first order linear differential operator containing vertical 
forms in its kernel. The Rumin operator is the second order linear differential operator 

D:=doQ: n^-\M) fi"(M). 

The Rumin operator is the main ingredient in some differential complex, called Rumin-de 
Rham complex, whose cohomology is isomorphic to the de Rham cohomology ^32] . We shall 
not use this isomorphism in the sequel. 
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1.4 Generalized sections of vector bundles and wave fronts. 

We recall the definition and the main properties of the wave front of a generalized functions 
referring for more details to [23] or [21], Ch. VI. 

Let X be a smooth manifold (always countable at infinity, in particular paracompact). 
Let £ — > X he a, finite dimensional vector bundle; for definiteness we assume that £ is 
a complex bundle though for real bundles the theory is exactly the same. We denote by 
C'^{X,£) the space of C°°-sections of £. It is a Frechet space with topology of uniform 
convergence on compact subsets of X of all partial derivatives. We denote by C'^{X^£) the 
space of C°°-sections of £ with compact support. Naturally C'^{X,£) is a locally convex 
topological vector space with topology of (strict) countable inductive limit of Frechet spaces. 
The inclusion 

C^{X,£) ^ C°°{X,£) 

is continuous and has dense image. 

Let us denote by \ujx\ the line bundle over X of complex densities; thus the fiber of 
\ujx\ over a point x G X is equal to the one dimensional space of complex valued Lebesgue 
measures on the tangent space T^X. 

We have a separately continuous bilinear map 

C^{X,£) X C^{X,£* \ujx\) C 

given by (/, g) i-^ Jxif^ d)- This map is a non-degenerate pairing. In other words the induced 
map 

C^iX,£) {C^{X,£* (g) IluxDY 

is continuous, injective and has a dense image when the target space is equipped with the 
weak topology. 

1.4.1 Definition. The space {C^{X,£* ® |c<Jx|))* is called the space of generalized sections 
oi£. It is denoted by C-°°(X, £). 

Thus C°°{X,£) C C~°°{X,£). Generalized sections of the trivial line bundle are called 
generalized functions. Generalized sections of £^ = \ujx\ are called generalized densities. 

The main technical tool in the following will be wave front sets of a generalized section 
of a vector bundle. Let us remind this notion following [23], Ch. VIII. For simplicity we 
will discuss the case of the trivial line bundle; the discussion easily extends to the general 
case. Moreover we assume that our manifold X is R""; the considerations in the general case 
make use of local coordinates, and independence of the constructions of the local coordinates 
is proved in [23], Ch. VIII. Thus let u e C~°°(R") be a compactly supported generalized 
function. Then its Fourier transform ii is defined and is a continuous function on R*^. 

Let us define the subset S{u) C R" consisting of points rj with the property that there 
exists an open R>o-invariant neighborhood V of rj such that for any N & N there exists a 
constant Cn such that 

m)\<CN{l + \^\f ioi any^eV. 
Denote by S(u) the complement of S{u). Clearly S(n) is a closed R>o-invariant subset of 
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For a point x G define 

S.H := HfEif ■u),fe (M"), f{x) ^ 0. 

Finally one defines the wave front of u by 

WF{u) := {{x,0 G X (M"\{0})| ^ G 

As we have mentioned, the definition of the wave front generalizes to any manifolds and 
to generalized sections of smooth vector bundles. Then WF{u) is a subset of the cotangent 
bundle T*X with the zero section removed. Let us summarize the main properties of wave 
fronts relevant for our applications. 

1.4.2 Proposition. (JM^ or JMI^, Ch.VI%3). 
Letue C~^{X,S). 

(i) The wave front WF{u) is a closed M.^Q-invariant subset ofT*X\0, where denotes 
the zero-section. 

(a) WF{u) = ^ if and only if u is infinitely smooth. 

(Hi) 

WF{u mv)c {WF{u) X WF{v)) U {WF{u) x 0) U (0 x WF{v)) . 

Let us fix a closed M>o-invariant subset A C T*X\0. Let us denote by C^'^{X,S) the 
set of generalized sections of S whose wave front is contained in A. This is a linear subspace 
of C~°°{X,S). Moreover C^'^{X,S) is equipped with a locally convex linear topology. In 
the case of S being the trivial line bundle and X = the topology is defined below; the 
general case is defined by covering X by a system of local charts and trivializing S in each 
chart. Thus let us assume X = M" and S is trivial. For any X G N, G C^(M"') and any 
closed R>o-invariant subset V C such that 

A n {supp{(j)) X l^) = 

define the semi-norm on C]^°°{X,S) 

\\u\U,v,N ■■= sup 

Then one equips 0]^°° {X , S) with the weakest locally convex topology which is stronger than 
the weak topology on C~°°{X,£) and such that all semi-norms {|| ■ ||(/,,y,Ar} are continuous. 
Notice that if A = then C^^{X,S) = C~°°{X,£) as linear topological spaces. 

Let / : Y — > X he a. smooth map, S — ^ X be a vector bundle. Then one has the obvious 
pull-back map on smooth sections 

/* : C°°(X, S) C°°{Y, f*S). 
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It turns out that /* can be extended in a natural way to some generalized sections of 8 
satisfying appropriate assumptions. Now we are going to discuss these assumptions referring 
for details to L21j, Ch. VI §3. 

Let us fix a closed conic subset A C T*X\0. Let us consider the linear subspace 
C]^°°{X,£) C C^°^{X,£) consisting of generalized sections of £ with the wave front con- 
tained in A. The space C^°°(X, £) is equipped with the locally convex linear topology defined 
above. 

1.4.3 Definition. Let A C T*X\0 be a closed conic subset. A smooth map f :Y — > X is 

transversal to A if for any ^ G T^^-^-jX fl A one has df*{^) ^ 0. 

Note that a submersion is transversal to each A C T*X\0. 

1.4.4 Proposition. // a smooth map f:Y — > X is transversal to a closed conic subset 
A C T*X\0 then there is a unique linear continuous map, also called pull-back, 

r:Cl^{X,£)-.Cjr^{YJ*£) 

where 

riA) ■.= {iy,v)eT*Y\r^edf;iA\j^y))} 

whose restriction to smooth sections of £ is equal to the pull-back on smooth sections discussed 
above. 

Usually in the literature /*(A) is denoted by df*{A). We will use the shorter notation as 
above throughout the article. 

We denote by T\M the conormal bundle of any smooth submanifold A C M . 

1.4.5 Remark. Let y be a closed submanifold of X, and f:Y — > X be the identity 
imbedding. Then Proposition 11.4.41 says in particular that f*u is defined provided 

WF{u) n t;x = 0. 

From Proposition 11.4.21 and Remark 11.4.51 one can easily deduce the following result on 
product of generalized sections (see [21], Ch. VI §3, Proposition 3.10). Below we denote by 
s : Px — ^ Pjf the involution s((a:, [^])) = (x, [— ^]), and for a subset Z C Px we denote by 
Z'^ the image s{Z). 

1.4.6 Proposition. Let£i,£2 — > X be two vector bundles. Lei Ai, A2 be closed conic subsets 
o/T*X\0. Let us assume that 

AinA^ = 0. (1.4.1) 

Let us define a new subset A C T*X\0 such that for any point x G X 

AU C (All, + A2U) U All, U A2U. (1.4.2) 

Then A is also a closed conic subset, and moreover there exists a unique bilinear separately 
continuous map 

Cx^iX,£,) X C^f (X,^2) — C^°°(X,^i ® £2) 
whose restriction to smooth sections is the tensor product map. 
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We will need two further technical propositions. We denote by V{M) the space of currents 
on a manifold M (if M is oriented T>{M) coincides with with the space of generalized 
differential forms). 

1.4.7 Proposition. Let A be a smooth submanifold of M. Let Ma denote the oriented blow 
up of M along A (see Section Let f : Ma — > M be the natural map. Let T G V{M). 
Then f*T G V{Ma) is defined provided 

TIM n WF{T) = 0. 

Proof. Let x G Ma- If a; ^ f^^{A) then clearly f*T is well defined in a neighborhood of 
X. Thus let us assume that x G f~^{A). Let ^ G WF(T)\f(^xy We have to show that 
{df)*^ G T*Ma does not vanish, or, equivalently, that the restriction of ^ to df{TxMA) does 
not vanish. 

Since dfiT^MA) is a (dim^ + l)-dimensional subspace of Tj(j.)M containing Ty(^)y4, the 
assumption implies that the restriction of ^ to Tf(^x)A does not vanish. Q.E.D. 

1.4.8 Proposition. Let Ma M — ^ R be smooth maps where f is the oriented blow up 
map as in Proposition l.^.T, and g is a submersion. Then {gf)*T is well defined provided 
the following condition is satisfied: 

for any a E A and any ( G WF(T) fl T*^^-^R the restriction of ( to dg(TaA) does not vanish. 
Proof. Since g is a submersion, g*T is defined, and by Proposition 11.4.41 

WF{g*T)l C («*(iyF(T)|,(,)). (1.4.3) 

By Proposition 11.4.71 f*(a*T) is defined provided 

TXM n WF{g*T) = 0. 

By fll.4.3p this condition is satisfied provided that for any a G A 

(TlM)Un(d^7„)*(W(T)|,(,)) = 0. 

The last condition is equivalent to the assumption of the proposition. Q.E.D. 

Now let us discuss the push-forward of generalized sections. Let / : Y — > X he a smooth 
proper map. Let S — > X he a. smooth vector bundle as above. One can define the push- 
forward map 

C-°^{YJ*{£ ® \ujxn ® M) C-°^{X,£) 

as the dual map to 

/*: C^{X,£* ®\ujx\) C^^iY, f^iS"- ®\ujx\)). 

Note that /* indeed takes compactly supported sections to compactly supported ones 
due to the properness of /. 
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1.4.9 Remark. Let us take 8 = \ujx\- Then we get the push-forward map on generahzed 
densities: 

f,:C~^iY,\ujy\)-.C'^iX,\uJx\). 
In the case when / is a proper submersion, is integration along the fibers. 
For a closed conic subset W C T*Y\0 let us define a new conic subset 

f^W := {{x,7]) eT*X\0\3ye f-\x) such that (2/,rf/;(r/)) G W\., U {0}}. 

The standard notation for /^VT in the literature is df^:W, but we prefer to abbreviate it as 
above. Since / is proper, f^^W is closed. One has the following result (see [21j, Ch. VI §3, 
Proposition 3.9). 

1.4.10 Proposition. Let W C T*Y\0 be a closed conic subset. Then 

is a continuous linear map. 

In the geometric measure theory, generalized sections of the space of forms Q"'~^{X), 
dimX = n, are called /c-currents. An oriented compact fc-submanifold (possibly, with cor- 
ners) Z G X defines a current [[Z]] G C~°°{X,Q"'~^) given by 
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The operator on currents dual to the de Rham differential d is denoted by d. The space of 
/c-currents is also denoted by Vk{X). 

By Proposition 11.4.61 we have a partial product 

n: c-°°(x,fi"-'=) X C'^{x,n''-^) c-°°{x,n'''''^^) 

extending the usual wedge product on smooth differential forms. For this reason we will 
denote sometimes the fl-product by A. If Zi, Z2 (Z X are oriented compact submanifolds 
(with corners) and Zi, Z2 intersect transversally then 

[[z^]]n[[Z2]] = [[z,nZ2]]. 

Also one has partially defined operations of pull-back and push-forward on currents as in 
Propositions 11.4.41 and 11.4.101 

1.5 Normal cycles. 

Let us recall the definition of normal cycle of a compact submanifold with corners. This is 
a generalization of a unit conormal bundle of a smooth submanifold. 

Let X be an n-dimensional smooth manifold. Let TX denote the tangent bundle of X, 
and T*X the cotangent bundle. Let P+(T*X) =: Fx denote the oriented projectivization 
of the cotangent bundle T*X, namely Fx — >^ X is a bundle over X such that its fiber over 



16 



a point X E X is equal to the quotient space (T^X\{0})/]R>o. Notice that if one fixes a 
Riemannian metric on X then is naturally identified with the spherical cotangent bundle 
of X. For this reason we call Fx the spherical cotangent bundle even a metric is not fixed. 

Let P G V{X) be a compact submanifold with corners. For any point a; G P let T^P C 
T^X denote the tangent cone of P at the point x. It is defined as follows: 

T^P ■= G T^X\ there exists a C^-map 7: [0, 1] — ^ P such that 7(0) = x and 7'(0) = 

One can easily see that T^P is a convex polyhedral cone. If P has no corners or boundary 
then TjP is the usual tangent space of P at x. Let (T^Py C T*X denote the dual cone. 
Recall that the dual cone C° of a convex cone C in a linear space W is defined by 

C° := {y G W*\ y{x) > for any x G C}. 

By definition the normal cycle of P is a subset N{P) C Px defined by 

N{P) := U,ep((T,.P)°\{0})/R>o. 

It is well known (and easy to see) that N{P) is {n — 1) -dimensional submanifold (with 
singularities in general); it is a cycle, i.e. dN{P) = 0; and it is Legendrian with respect to 
the canonical contact structure on P^. 

1.5.1 Remark. J. Fu [T7j has defined normal cycle of a subanalytic subset of a real analytic 
manifold. An essentially equivalent notion of characteristic cycle of such a set was introduced 
independently using different tools by Kashiwara (see |25]). In this article we are not going 
to use this more complicated situation. 

1.6 Valuations on manifolds. 

The general reference for valuations on manifolds is the series of articles [S] , [ID] , [H] , as 
well as the survey [7j. 

For simplicity of the notation we assume that X an oriented manifold, though this as- 
sumption can be easily removed, and all results and constructions can be generalized. A 
choice of orientation on X induces in a standard way a choice of orientation on the normal 
cycle N{P) for any P G VlX) (we will not explain it here). 

1.6.1 Definition. A smooth valuation is a map (p: V{X) — > C such that there exist a 
smooth n-form fi on X (remind n = dimX), and a smooth {n — l)-form uj on Fx such that 



for any P eV{X). 

1.6.2 Remark. 1) Any (p of such form is a finitely additive functional on V{X). 

2) In its present form the definition of smooth valuation might look unmotivated. The 
original definition of a smooth valuation from [5J was different but equivalent to this one, 
and behind it stay some non-trivial characterization results from the theory of valuations on 
convex sets and facts from geometric measure theory (see [5] , [lU] ) . 
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3) Various pairs of forms (yU, u) may define the same valuations. The pairs (/x, u) defining 
the zero valuation have been described by an explicit system of integral and differential 
equations by Bernig and Brocker [12] as follows: (/x, uj) defines the zero valuation if and only 
if 

■n^oj = 0, and 
Diu + = 

where vr: Fx — > X is the natural projection, D is the Rumin operator (see Section [TTBl) . tt^, 
is the operator of integration of a differential form along the fibers. 

1.6.3 Example. 1) Any smooth measure on X is a smooth valuation. Indeed take a pair 
(/x,0). 

2) The Euler characteristic x is a smooth valuations. This is less trivial to see. This 
follows for example from an old theorem of Chern [T5j who constructed explicitly a pair 
(/i, uj) defining the Euler characteristic; his construction depends on a choice of an auxiliary 
Riemannian metric on X. A different proof was given in [5j. 

Thus the space V°°{X) of smooth valuations is a quotient space of i7"(X) © Q'^^^iFx), 
and hence it carries the natural linear Frechet topology. Moreover V°°{X) has a canonical 
filtration by closed subspaces 

V^{X) = WoDWiDW2D ■■■DWn 

which can be described as follows. The last term Wn is equal to the subspace of smooth 
measures. Each other subspace Wi, < i < n, consist of smooth valuations which can be 
given by a pair (/i, uj) G ^"(X) (B^'"'~^{Fx) where u satisfies the following condition: for any 
point z G Px and any (n — l)-dimensional subspace L C T^Px such that the intersection 
of L with the tangent space at z to the fiber tt^^{7c{z)) is at least {n — 'i)-dimensional, the 
restriction of to L vanishes. In particular Wq = V°°{X). 

Next we have the evaluation on points map V°°{X) — > C°°(X), i.e. i-^ [x ^— 0({x})]. 
This linear map is onto, its kernel is equal to Wi. Thus the Frechet space of smooth functions 
is canonically isomorphic to the Frechet space V°^{X)/Wi. The following result was proved 

in 0- 

1.6.4 Theorem. There exists a canonical product V°°{X) x V°°{X) — > V°°{X) which is 

(1) continuous; 

(2) commutative and associative; 

(3) the filtration W, is compatible with it: 

■ W, C W,+j 

where we define Wj = for j > n; 

(4) the Euler characteristic x is the unit in the algebra V"°°(X); 

(5) this product commutes with restrictions to locally closed submanifolds; in particular 
the evaluation on points map V°°{X) — > C°°{X) is a homomorphism of algebras. 



18 



Let us describe a construction of the product on valuations following [9] . This is different 
from the construction given in [TDj, and it will be used in this article. First let us consider 
the natural map 

VTxxx: Pxxx X X X. 

Let us denote by P the preimage under this map of the diagonal in X x X. Elements of P 
can be written in homogeneous coordinates (x, : t]]) where x E X , ^,1] & T*X. Let A4 
denote the smooth submanifold of P 

M := {(x, [e : 0])} U {(x, [0 : r^])} U {(x, : -^1)} 

where clearly the union is disjoint. Let P denote the oriented blow up of P along Ai (see 
SectionOD- We have the maps $: ¥\M Fx x^Px given by $((x, : r]])) = (x, [^], [r]]). 
Also we have a smooth map p: F\Ai — > Px given by p{x, '■ v]) = {x, + ^7])- It is not 
hard to see that there exist and unique smooth maps 

$: P-^Px XxPx, (1.6.1) 
p:F-^Fx (1.6.2) 

extending $ and p respectively. Moreover $ and p are proper. Let 

qi,q2:FxXxFx^Fx (1.6.3) 

be the obvious projections onto the first and second factors respectively. Let s : Fx — > Fx 
be the involution given by s(x, [^]) = (x, [— ^]). 
The following result was proved in [9]. 

1.6.5 Theorem. Let X be an n-dimensional oriented manifold; let (pi G V'^{X) he repre- 
sented by {uJi, fii) G Q"'^^{Fx) X f2"(X), i = 1,2. Then the product (pi ■ 02 is represented 
by 

CO = p,^*iqluJi A q;DuJ2) + uJi A n*n,uj2 E ^^"~^(Px), 
H = TT^cui A s*{Duj2 + 7r*/i2)) + Atl A 11^002 e r]"(X). 

An important property of the product on valuations is a version of the Poincare duality. 
To describe it let us denote first by V^{X) the subspace of V°°{X) of compactly supported 
valuations. Then V^{X) admits a continuous integration functional 

j : V;°°(X) C (1.6.4) 

given by f— > (p{X). Consider the bilinear map 

v°^{x) X v;°°(x) -> c 

defined by (0, "0) (—> J (p ■ ip. The following theorem was proved in [6], and a simpler proof 
was given in [11] . 
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1.6.6 Theorem. This bilinear form is a perfect pairing. In other words, the induced map 

is injective and has a dense image (with respect to the weak topology on {V^{X))*). 

Define V~°°{X) := (V^°°(X))*. Elements of tliis space are called generalized valuations. 
Thus by the last theorem is identified with a dense subspace of V'°°{X): 

E^: V^{X)-^V-^iX). 

Let us denote by 9: ^"(X) © fiJ?-i(Px) K°°(X) (where the subscript c stays for the 
compact support) the map given by 

(e(/i,c.))(P)= / u;. 

Jp Jn{p) 

This map is onto. The dual map 

e*: v-^{x) (n'^ix))* ® iVi^~\Fx)y = c~°°ix) ®c-'^iFx,n'') 

induces an injective closed imbedding. The result of Bernig and Brocker (see Remark 11.6.21 
(3)) implies that if a generalized valuation ip corresponds under this imbedding to a pair of 
currents (C, T) then 

T is a cycle, i.e. dT = 0; (1.6.5) 
T is Legendrian; (1.6.6) 
7r,T = dC. (1.6.7) 

Conversely any pair of currents (C, T) satisfying f ll.6.5l) - fl.6.7p corresponds to a unique 
generalized valuation. (Recall that T is called Legendrian if for a contact form a one has 
T A a = 0.) The described above product on smooth valuations has been extended in [9] 
to a partially defined product on generalized valuations. More precisely the following result 
was proved in [9] . (Below for a subset A in the cotangent bundle of a manifold M we denote 
by A'' the image of A under the antipodal involution s acting on cotangent vectors to M.) 

1.6.7 Theorem. Let Ai,A2 C T*X\0, Ti,T2 C T*Px\0 be closed come subsets such that 
d7c^{ri) C Aj, i = 1,2. Let us assume that these subsets satisfy the following conditions: 

(a) Ai n A^ = 0. 

(b) Fi n (7r*(A2))^ = 0. 

(c) r2n(7r*(Ai))^ = 0. 

(d) If {x, [^i],Ui,0) e Ti fori = 1,2, then Ui 7^ -U2. 
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(e) If{x,[i])e¥x and 

{-u,ri2) e r2|(^,[-5]) 

then 

d9*i0,ri,,ri,) ^ (0,/,-/) GT(;[5],[^])(Px Xx^x), 
where 6: Px Px ^ Px Px «s defined by e{x, [6], [6]) = {x, [6], [-6])- 
Then there is a unique separately continuous bilinear map, called a partial product, 

such that for any 'ipi,ip2 ^ V^{X) the product Soo('?/'i) ■ '^oo{.'^2) exists (i.e. the conditions 
(a)-(e) are satisfied), and 

Hoo(^l) ■ Hoo(V^2) = SoolV'i ■ ^2)- (1.6.8) 

In fact this partial product of generalized valuations can be described as follows. Consider 
again the maps 

Px ^P^Px XxPx 

as in fll.6.1l) - fll.6.2p . Assume that generalized valuations ipi G V^p., i = 1, 2, are represented 
by pairs of currents (Cj, Tj). Then the product ipi is represented by the pair (C, T) where 

T := (-l)"p,<l*(g*Ti n q^T^) + 7r*Ci H T2 + Ti n 7r*C2 G C-°"(Px, fi"), (1.6.9) 

C -.= 01^02 &C~^{X). (1.6.10) 

The filtration {W,} on smooth valuations V^{X) discussed above extends naturally to 
V-'^i^X) as follows (see [6J, Section 7.3, for the details). Let us denote by Wi{y-°^{X)) the 
closure of Wi in the weak topology on V~'^{X). Then by [6j, Corollary 7.3.3, one has 

Wi{y-°°{x)) n i^°°(x) = Wi. 

By the abuse of notation we will denote Wi(y~°°{X)) by Wi. 

Let us explain now the explicit relation of product on valuations to constructible func- 
tions. As we have explained in Section 1(1721 of the introduction we have a canonical imbedding 
with dense image of the space of constructible functions 

S: J^(X) ^ V-^{X). 

Let us assume that compact submanifolds with corners Pi, P2 are transversal to each other. 
Then it was shown in |9] the product of generalized valuations S(]lpJ and ^(llpj) is well 
defined, i.e. the assumptions of Theorem 11.6.71 are satisfied, and 

S(]lpJ-S(]lp,) = S(]lp,npJ. (1.6.11) 

The filtration {W,{y~^{X))} induces on J-'{X) filtration by codimension of support (see 
[6J, Proposition 8.2.2). 

The following technical lemma was proved in [5], Lemma 8.2, it will be useful later. 
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1.6.8 Lemma. Let ^ & V °°(R") be a generalized valuation given by a pair of currents 
{C,T) e P„(M") X P„_i(PMn). Let 

A c r*(M")\o, r c T*(PRn)\o 

be closed conic subsets such that 7r*(r) C A and 

WF{C) C A, WF{T) C r. 

Then there exists a sequence of smooth valuations {^j} C y°°(M") corresponding to currents 
{Cj, Tj) such that 

Tj -^T m Cr°°(PRn,fi"). 
In particular C,j — > ^ in V^^°°(X). 

2 Exterior product of generalized valuations. 

In this section we define the exterior product of two generalized valuations. The construction 
generalizes the construction of exterior product of two smooth valuations from [9J though 
we do not prove this fact here. Let Xi,X2 be smooth manifolds (without boundary) of 
dimensions ni,n2 respectively. As usual we assume for simplicity of the notation that they 
are oriented. Set X := Xi x X2. Let M.i,M.2 C fx be the submanifolds defined by 

A^i = {(xi,X2;[ei:0])}, 
^2 = {(xi,X2;[0:6])}. 

Let F: P — > Px be the oriented blow-up map along TWi |J7V12- Let 

$: P-^Pxi X Px, 

be the only smooth map extending the map P\(A^i |J-^2) — ^ Pxi x Px2 given by 

(xi, X2; [6 : 6]) ^ ((a^i, [6]); (3^2, [6])) • 
Let us also consider the diagrams 

Px, ^ Pxi X X2 ^ Px, 
Px, ^ Xi X P^, ^ P^ 

where pi,p2 are the obvious projections, and ii is given by [^i]),X2) = {xi,X2; [ii : 0]), 

and 12 is defined similarly. 

Let us denote by pj : Xi x X2 — > Xj, i = 1,2, the obvious projections. For i = 1,2 let us 
define the spaces 

jCi := {{C„ Ti) e VnX^i) © I^„,-i(PxJ| is Legendrian , dT^ = 0, vr^.^T, = dC,}. 
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Let ipi ^ = 1)2. Then ipi is represented by by a unique pair {Ci,Ti) G Ci. 

Let us consider 

defined by 

(7:=CiKC2, (2.1.12) 

T := F,$*(Ti + (ttx opi)*Ci ■ (zs^P^Ta) + (zi.ptTi) ■ (ttx op2)*C2 (2.1.13) 

where ttx '■ Px — ^ is the natural map. 

2.1.9 Claim. The currents C,T are well defined. Moreover the map ((Ci,Ti), (C2,T2)) 1— >■ 
(C, T) defined by the formulas h2.1.12^) . I{2.1.13\) defines a bilinear separately continuous map 

(P„,(Xi) ©I?„,_l(PxJ) X (I)„,(X2) ©P„,_i(PxJ) V„.,+n,{X)(BVr,,+n,^i{Fx). 

Proof. The claim is obviously satisfied for C. To prove both parts of the claim for T, 
observe first of all that they are satisfied for the first summand in the definition of T (i.e. in 
the right hand side of fl2.1.13p ) since $ is a submersion. The second and the third summands 
are symmetric, so let us consider only the third summand. 

We have 

WFit.^plL,) c tuPliT*FxAQ). 

In order to describe the latter set, we will assume that Xi,X2 are vector spaces. Also let us 
fix a point A G Px which we write in the form 

A = (xi,X2; [6 : 6])- 
The fiber of T*Fx over A we can write as 

{ixi,x;;0\xi G t; Xi, x; g t,;x2, c e T[*^^^^]P+(x*)}. 

The fiber of iupl{T*Fxi\0.) over A is non-empty if and only if ^2 = Ox|, and in this case 
this fiber is equal to 

© {0x5 } ® ^Ki:0.j]I'+(^*)) \{0}- (2-1-14) 

On the other hand the fiber over A of WF{{7Tx o p2)*C2) is contained in the fiber of (vr^ o 
§2)*^ F{C2) which is contained obviously in 

{Ox*}©X*©{0} (2.1.15) 

where the last zero belongs to T[*^^o^^]P+(X*). But clearly the sets fl2.1.14p and 02.1.151) 
satisfy the condition of disjointness. The claim follows. Q.E.D. 

2.1.10 Claim. Assume that {Ci,Ti) G Ci,i = 1,2. Let C, T be defined by the formulas 
\2.1.12\) . Ii2.1.13\) respectively. Then 

(i) T is Legendrian; 
(11) dT = 0. 
(Hi) 7r*T = dC. 
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Proof. The claim follows from the separate continuity of the map ((Ci,Ti), (C2,T2)) ^ 
{C,T) and the fact that linear combinations of pairs of currents ([[-Pj]], [[iV(Pj)]]) are dense 
in the space £j where Pi C Xi, i = 1,2, are compact sub manifolds with corners. But for 
such pairs 

C = [[Pi X P2]], 
T=[[N{P^xP,)]]. 

Q.E.D. 

2.1.11 Claim. The exterior product of constructible functions considered as generalized 
valuations coincides with the usual product of constructible functions. 

Proof. This immediately follows from the construction. Q.E.D. 

3 Pull-back and push-forward of valuations. 

3.1 Pull-back of smooth valuations under immersions. 

Let 

be an immersion of smooth manifolds, n < m. Let us define the pull-back map on smooth 
valuations 

as follows. By the sheaf property of smooth valuations (see [5j, Theorem 2.4.10) it is enough 
to define pull-back locally on X. Then we may assume that / is a closed imbedding. Then 
define 

(r0)(P):=0(/(P)) (3.1.1) 

for any P G V{X). The following claim is obvious. 
3.1.1 Claim. If f : X — > Y is a smooth immersion then 

/*: V°°{Y) V^iX) 

is a continuous linear operator. 

Actually we will need yet another description of the pull-back under immersions. Let us 
assume that X C 1^ is a closed submanifold. Let us consider the obvious maps 

X A P+(T^r) ^ Py. (3.1.2) 

Observe first that X Xy Py is a smooth submanifold of Py. Moreover the oriented 
projectivization P_|.(Tjy) of the conormal bundle of X in F is a closed submanifold in 
X Xy Py. Let us denote by X Xy Py the oriented blow up of X Xy Py along P+(Tjy). Let 
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a: X Xy Py — > Py be the composition of the blow up map X Xy Py — > X Xy Py with the 
imbedding X Xy Py — ^ Py. 
Let 

{df)*: X XyT*Y -^T*X 

be the map adjoint to the differential df. It is easy to see that it induces a smooth map to 
the oriented projectivization of T*X 

p: X'^<7Py Px- 

Thus consider the diagram 

Fx ^ X^x^y A Py. (3.1.3) 



3.1.2 Proposition. Let ^ G V°°{Y) be a smooth valuation given by ^{P) = Jpf^ + j] 



NiP) 



UJ 



where e Q'^iY), u G ^'"-^(F). Then f*^ is given by {f*OiP) = U f^' + In(p)^' ^^^^^ 

fi' = q^9*u, ijj' = P^a*uj. 
Proof. It follows immediately from the definition of /*. Q.E.D. 

One can easily deduce from Proposition l3.1.2l the following result that pull-back preserves 
the filtration {W,} on valuations discussed in Section [L6l 

3.1.3 Proposition. If f : X — > F zs a smooth immersion then for any i one has on smooth 
valuations 

f*{Wi) C W,. 

3.2 Push-forward of smooth valuations under submersions. 

Let 

y . j^n ^ ym 

be a smooth proper submersion. We define an operator of push-forward 

V^{X) -^V°^iY) 

by the formula 

{fAm = Hf-\p)) (3.2.1) 

for any P G V{Y). The following claim follows from Proposition 13.2.31 below. 

3.2.1 Claim. If f is a proper submersion then : V°°{X) — > V°°(Y) is a continuous linear 
operator. 

3.2.2 Remark. If / : X — F is a submersion which is not necessarily proper, then similarly 
the formula (13.2.11) defines a continuous linear operator 

Vr{X)-.Vr{Y) 

when both spaces are equipped with topologies of inductive limits of Frechet spaces. This 
also follows from Proposition 13.2.31 below. 
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Let us describe the operation of push-forward on the language of differential forms. Let 
e V^^{X). By [6], Lemma 2.1.1, there exist {u^u) G x n]^-\¥x) such that 0(P) = 

JpT^ + j^f^p)^ foi' any P G 'P(X). (In the case when / is proper, it is not necessary to 
consider valuations with compact support.) 

Let us consider the following diagram 

{dfY r, 

Px <^ X Xy Py ^ Py 

where p is the natural projection, and {df)* is the adjoint of the differential df . Clearly {df)* 
is a closed imbedding since / is a submersion. 

3.2.3 Proposition. The valuation f^(j) is represented by the pair {f^i',p^:{df*)*u!) . 
Proof. It is straightforward and left to a reader. Q.E.D. 

One can easily see from the definitions that /* respects the filtration in the following way. 

3.2.4 Proposition. Let f:X — > Y is a proper submersion. Then for any i one has on 
smooth valuations 

—dim X+dim Y 

where one defines Wj = Wq for j < 0. 

3.3 Pull-back of generalized valuations under submersions. 

Let 

/: X" 

be a submersion of smooth manifolds. Let us define a pull-back operator 

as the adjoint operator to : V^{X) — > V^{Y) defined in Section [3^21 

3.3.1 Remark. Under submersions, pull-back of smooth valuations may be not smooth. 
For example let us consider the projection / : — M onto the first coordinate. Let /x be a 
Lebesgue measure on M (which is a smooth valuation of course). Then is not smooth. 
In fact f*fi can be given the following description which is not completely rigorous at this 
point. For any convex compact set K gM."^ one has 

(r/i)(ir) = M/w) 

is the Lebesgue measure of the projection of K. 

3.3.2 Example. The example from the previous remark can be generalized as follows. 
Again, we do not make here the statements completely rigorous in order to clarify the 
intuition. Let /: — M'^ be an orthogonal projection. Let be a smooth valuation on M^, 
for example volume volk or intrinsic volume Vi. Then for any convex compact set K C M" 
one has 

if*<i>)iK) = mK)). 
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Moreover if P G P(]R") is a compact submanifold with corners which is "in generic position" 
to the projection /, then 

{rvoh){P) = [ x{Pn r\y)) dvohiv). 

Let us describe the pull-back on valuations in terms of currents. As in Section 13.21 let us 
consider the following diagram 

Px XyPy ^Py 

where p is the natural projection, and df* is the adjoint of the differential df. We have the 
following result. 

3.3.3 Proposition. Let f: X" — > he a smooth submersion. Let ^ G V~^{Y) corre- 
sponds to a pair of currents {C,T) G Vm{Y) x Vm-i{Y). Then f*^ G V^°°{X) corresponds 
to the pair of currents {C' ,T') G Vni^X) x Vn-i{X) where 

C = f*C, (3.3.1) 
r = {df*)yL. (3.3.2) 

Proof. Let (p G V^{X) be an arbitrary smooth valuation with compact support. By 
[6], Lemma 2.L1, there exist (z/,a;) G fi^l^) x ^c'\^x) such that 0(P) = Jpi^ + J^^p^^^ 
for any P G V{X). By Proposition [MH 

< ^, /*0 >=< C, + < T,p^{df*yuj >= 
<f*C,u> + <{df*),p*T,uj>. 

The proposition is proved. Q.E.D. 

3.3.4 Proposition. Let f : X ^ Y be a submersion. Let P G V{Y). Then f*{E-p{lp)) = 
S-p(]lj-i(p)). In other words the pull-back of Ip considered as a generalized valuation coin- 
cides with the usual pull-back on (constructible) functions. 

Proof. This follows from Proposition 13.3.31 Q.E.D. 

By dualizing Proposition [2231 one easily sees that pull-back is compatible with filtrations, 
namely we have the following result. 

3.3.5 Proposition. Let f:X — ^Y be a submersion. Then on generalized valuations one 
has 

r(w^,(T/-°°(y))) c W:,{v-^{x)). 

3.4 Push-forward of generalized valuations under immersions. 

Let 

f:X-.Y 

be a smooth immersion. Let us define the push-forward operator 

f^:V-'-{X)^V-^{Y) 
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as the adjoint operator to pull-back /*: V°°{Y) — > V°°{X) defined in Section [3?T1 Similarly 
for a proper immersion / we define /* : V~°°{X) — > V^°°{Y) as dual to /* : V^{Y) — > 

3.4.1 Remark. (1) The push-forward under immersion of a smooth valuation is usually not 
smooth. For example consider the imbedding /: {0} M. The /*(1) is the delta-measure 
at 0. 

(2) The space of generalized densities (which is the completion of the space of smooth 
measures in the weak topology) is a subspace of generalized valuations by [6], Proposition 
7.3.5. Then the push-forward under immersions (and, in fact, under more general maps) on 
this subspace coincides with the usual push-forward of generalized densities. 

(3) If /: X ^ y is a closed imbedding and P G P{X), then f^{E-p{lp)) = Sp(]lp). 
Thus push-forward under a closed imbedding of constructible functions is just extension by 
zero. 

Let us describe now the push-forward /=„ using the language of currents. We will assume 
for simplicity that f: X — > Y is a. closed imbedding, and dimX < dimy (of course, if 
dimX = dimF the description is evident). By our definition, V~'^{X) — > V~°°{Y) is 
dual to /*: V^^{Y) V^^{X). 

Consider the diagram as in fl3.1.3p 

Fx ^ x'x^Y ^ Py (3.4.1) 

where a = 6 o e with 

X^<7Py XyPy ^Py (3.4.2) 

with e being the oriented blow up map, 6 being the natural imbedding, and f3 is induced by 
the dual of the differential df*: X Xy T*Y T*X. 

3.4.2 Proposition. Assume that G V^°°{X) is given by a pair of currents {C,T). Then 
f^:(f) is given by the pair (0,a*/9*T). 

Proof. Notice first of all that the current a^(3*T is well defined since /3 is a submersion. 
The operator (C, T) ^ a^l3*T is a continuous linear operator 

^-~(X) -.Pdimy-i(Py). 

Hence it is enough to prove the proposition for a dense subspace of generalized valuations. 
Thus it is sufficient to prove it for = Sp(]lp) for any P G V{X). By Remark 13.4.1( 3) 
/*(Sp(]lp)) = S-p(lp). But the normal cycle of P as a subset of Y is equal to of the 
normal cycle of P considered as a subset of X. Q.E.D. 

Dualizing Proposition 13.1.31 one easily obtains the following proposition. 

3.4.3 Proposition. Let f:X — > Y be a closed imbedding. Then for any i one has on 

generalized valuations 

f.{W,{V-°°{X))) C W,.^^x+6ir.Y{V-^{Y)). 
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3.5 Pull-back of generalized valuations under immersions. 

This case is somewhat more involved than the previous ones. Let 

y . ^ Ym 

be an immersion. We want to construct a partially defined map /*: V^'^{Y) V~°°{X) 
which coincides on smooth valuations with the map from Section 13.11 

Generalized valuations form a sheaf by [6], Proposition 7.2.2. Thus it is sufficient to define 
/* locally in a way compatible with restrictions to open subsets. Hence we may assume that 
f : X — > y is a closed imbedding. 

Consider the diagram as in fl3.1.3p 

Fx ^ X^x^Y ^ Py (3.5.1) 

where a = S o e with 

X^<^y Ax XyPy ^Py (3.5.2) 

with e being the oriented blow up map, 6 being the natural imbedding. 

Let C, G V~°°{Y) be a generalized valuation given by a pair of currents (C, T) G T>m{Y) x 
X',„_i(Py). Then we define f*^ to correspond to the pair 

iC\r) := {f*C,l3,a*T) (3.5.3) 

whenever this makes sense. Now we are going to formulate the precise sufficient conditions 
that the above pair is defined, and to show that T' is Legendrian, dT' = 0, and tix*T' = dC, 
and prove various compatibilities. 

Let us introduce more notation. Let 

A c T*y\g, 

F C T*Py\0 

be closed conic subsets. Let us denote by Vji^^{Y) the linear subspace of generalized valua- 
tions on Y corresponding to currents {C,T) with WF{C) C A, WF{T) C F. Thus 

Vj^^^iY) C C^°°{Y) X Cr°°(Py,^^'^'"'^) 

is a closed subspace. Let us equip V^^^(Y) with the induced topology from the latter space 
(see Section [Ol) . 

3.5.1 Definition. (1) We say that an imbedding f:X — ^ F is transversal to (A, F) if the 
following conditions of transversality are satisfied: 
(TRi) A n T^Y = 0; 

(m)rnTi,^p^(Py) = 0; 
(Ti?3)rnTp*^(^.^)(Py) = 0. 

(2) We say that an immersion f : X — > Y is transversal to (A, F) if for every point x G X 
there exist an open neighborhood U oi x and an open neighborhood V of f{x) such that 
f\u- U — > V is a. closed imbedding, and f\u is transversal to (A, F) in the sense of part (1) 
of the definition. 



29 



3.5.2 Definition. Let f:X — y be an immersion. Let C, ^ V °°{Y) be a generalized 
valuation given by a pair (C, T). We say that / is transversal to ^ if / is transversal to 
iWF{C), WF{T)) in the sense of Definition E3IK2). 

3.5.3 Remark. (1) It is easy to see that if / is a smooth imbedding then parts (1) and (2) 
of Definition 13.5.11 are equivalent. 

(2) If ^ is a smooth valuation then any immersion f:X — > F is transversal to ^ for 
trivial reasons. 

3.5.4 Claim. Let f : X — > Y be an immersion transversal to a generalized valuation ^ G 
V-^(Y). Then the currents ^EHM are well defined, and f*: Vj[!^{Y) zs a 
continuous linear map. 

Proof. This easily follows from Propositions 11.4.^ 11.4.101 Q.E.D. 

3.5.5 Proposition. If f : X — > Y is an immersion, and C, G V^lY) is a smooth valuation 
then the pull-back of ^ in the sense of generalized valuations and in the sense of smooth 
valuations (Section \3. 1\) coincide. 

Proof. Recall that we have diagrams of maps 

X S P+(TiF) ^ Py, 
Fx ^ x'x^Y ^ Py. 

Let C e be given by 

aP) = [ fi+ [ UJ. 

Jp Jn{p) 

Then by [11] (see also Theorem ll.6.5l of this article) ^ corresponds to a pair of currents (C, T) 
where 

C = TCy^UJ, T = Sy{DyUJ + VTy/i), 

and Dy is the Rumin operator on Py. Then the pull-back /*^ in the sense of generalized 
valuations is given by the pair of currents (C, T') where 

C' = f*{7TY*u}), r = (5,a* s*y{Dyuj + ti*yIj) 

where a,/? are as in (13.1.31) . 

On the other hand let us compute f*^ in the smooth sense. By Proposition 13.1.21 f*^ is 
given by (/*0(^) = /p + !n(p) ^' ^^^^^ 

jj! = q^O*uj, ijj' = P^a*uj. 

Thus we have to show that 

r = s*x{Dx{f3.a*u) + u). 
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More explicitly 

f*{TTY*uj) = 7rx*{f3*a*uj), 
/3*a*Sy(Dyu; + vTyyu) = s*x{Dx{P*a*i^j) + ■n*xq*0*uj). 

The first equality straightforward. To prove the second one let us observe first of all that 

if if: if if if: {~\ 

Thus it remains to show that for any uj G VL^~^{Y) one has 

l3^a*SYDYU) = s*x{Dxi/3^,a*uj) + ■K^q^6*uj). 
Since a commutes with sy, and P intertwines sy and sx, the last equality is equivalent to 

(3,a*DyLU = Dx{l3,a*uj) + 'n*xq*0*uj. (3.5.4) 

We will need the following well known lemma which follows easily from the Stokes formula. 

3.5.6 Lemma. Let f : A — > B he a smooth proper fibration where B is a manifold without 
boundary, and A is a manifold possibly with boundary. Assume moreover that the restriction 

fU: dA-^B 

is a fibration too. Then 

f.idv) = dif.v) + {-lf'^^^'"'''^\f\9A).V- 
Let us apply this lemma to the form a*uj and the map 

We get 

We will need two more lemmas whose proof is postponed till the end of the proof of 
Proposition 13.5.51 

3.5.7 Lemma. Let uo G VL'{¥y). If du is vertical then dl3^a*uj is also vertical. 

3.5.8 Lemma. For any form uj G f2™~^(Py) one has 

Let us finish the proof of Proposition 13.5.51 The equality (13.5.51) and Lemma [3.5.81 imply 
the equality 

j3^a*du! = dp^a*u + Ti*xq*0*uj. (3.5.6) 
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Observe first of all that if 7 G f2'(Py) is a vertical form then 6*-^ = since P+(Tjy) = N{X) 
is a Legendrian cycle in Py. Hence, by the construction of the Rumin operator, one may 
assume in equality fl3.5.6p that du is vertical, namely du = Dyuj. But then by Lemma [3.5.71 
we have d[3^,a*uj = Dxl3*a*uj. Thus we eventually obtain 

l3^a*DYUJ = Dxl3*a*uj + TTxq*0*uj. 

This is exactly fl3.5.4p . Proposition 13.5.51 is proved. Q.E.D. 

Proof of Lemma 13.5.71 Let Ax be a contact form on X, and Ay be a contact form on 
Y. Then we claim that 



f3*{Xx) = h-a*{XY) (3.5.7) 



where his a smooth non- vanishing function on X Xy Py. Let us prove it in local coordinates. 
Let us assume that X = R" is imbedded into Y = M"^ using the first n coordinates. Let us 
denote the coordinates inYhjyi,..., ym, and in the dual space by zi, . . . , Zm- Furthermore 
we will identify Py with the unit sphere bundle in W x S""'^ C x W*, and Fx with 
the unit sphere bundle M" x 5"^^. Contact form on a contact manifold is defined up to a 
product by a non-vanishing function. Then we may choose 



Ay = ^Zidyi, \x = ^Zidyi. 
i=i 1=1 

It is clear that the restriction of Ay to X Xy T*Y = W x W* is equal to YTi=i ^idVi- But 
obviously this is equal to the pull-back of Xx under the natural map X Xy T*Y — > T*X. 
This proves fl3.5.7p . 

Next by the assumption of the lemma we have du A Xy = 0. We want to show that 

d{p^a*uj) A Ax = 0. 
We have for any test form G fi*(Px) 

A Ax A d{(3,a*uj) [ A Ax A ((3,a*duj + (-1)" f/5L.^-^ .) a*uj 

Fx JFx ^ \ y Y Yt/ ^ 



(3%^AXx)Aa*idu;) + {-ir / f/^lx-^ A Ax) A a*^ 



_ h-l3*(f)A a*(Ay A duj) + (-1)" / /i ■ A a*(Ay A u) 



(-1)"/ h- f3*(f)Aa*{XY Aiu) 

Ja{Xy^Y) 

where the last equality is due to the fact that the expression under the first integral vanishes 
by the assumption Xy A du = 0. But the expression under the last integral also vanishes 
since the restriction of a* Ay to d{X Xy Py) vanishes: indeed d{X Xy Py) is the primage of 
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P+(TJF) = N{X) under the blow up map XxyPy— ^Xxy Py, and the restriction of Ay 
to N{X) vanishes since N{X) is Legendrian. Hence Lemma [3.5.71 is proved. Q.E.D. 

Proof of Lemma 13.5.81 Consider the following commutative diagram 

Fx ^ — a(X^<7Py) 

X- -q N{X) 

where ai : d{X Xy Py) — > N{X) is the restriction of the blow up map. It is easy to see that 
this is a Cartesian square. Denote r := 6*uj = u\n(^x)- Thus we have to show that 

(-1)"+^ {P\diXxyFy)),alT = Ti\q,T. 

Taking into account the orientations, the last formula holds always for all Cartesian squares 
of proper fibrations (the base change formula). Q.E.D. 

3.5.9 Proposition. Let f : X — >Y be an immersion transversal to ^ E V^'^{Y). Let ^ be 
given by a pair of currents (C, T) G V^{Y) xV^_i(Fy) ■ Define {C, V) G r'„(X) xI?„_i(Px) 
by the formula liS. 5.3\) . Then T' is Legendrian, dT' = 0, and ttx*{T') = dC . 

Proof. Let us denote 

A := WF{C), r := WF{T). 
The formula fl3.5.3p defines a continuous linear operator 

/* : C^^{Y) © Cp °°(Py, Q"") C-°°{X) © C-^{Fx, ^^") 

which we also denote by /*. By Lemma [1 . 6 . 81 locally on Y there exists a sequence of smooth 
valuations {^j} C V°°{Y) such that 

But then from the properties of wave fronts we have 

^ /*e in V-^{X). 

Let correspond to a pair of smooth currents {Cj,Tj). By Proposition 13.5.51 the conclusion 
of our proposition is satisfied for smooth currents f*{{Cj,Tj)) corresponding to f*C,j. Hence 
by continuity the proposition is satisfied also by {C',T'). Q.E.D. 

3.5.10 Remark. It is important to notice that if A C T*Y\0, T C T*(Py)\0 are closed 
conic subsets, and if an imbedding /: X — > y is transversal to (A, F) then the pull-back 

is a continuous linear operator. This is obvious from the properties of wave fronts. 
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3.5.11 Proposition. Let g: X — > Y, f : Y — > Z be imbeddings. Let C, G V^^{Z). Assume 
that f and fog are transversal to (A,r), and g is transversal to {f*A,f3^a*r). Then the 
maps 

if o 9)\ 9* of*: V^^^iZ) ^ V-°^iX) 

coincide. 

Proof. The assumptions imply that the two linear operators 

(/ ° gy, 9* of*: V^^{Z) V-^{X) 

are continuous. By Lemma 11.6.81 smooth valuations are dense in the source space. Hence 
it is enough to show that these two operators coincide on smooth valuations. But this is 
obvious. Q.E.D. 

3.5.12 Proposition. Let f:X — >Y be a closed imbedding. Let P G ViY) be a compact 
submanifold with corners such that X is transversal to any strata of the canonical subdivision 
of P. Then f is transversal to the generalized valuation S-p(]lp) and 

r(Hp(]lp)) = Erilpnx). 

Proof. Let us denote A := WF{lp), T := W F {[[N (P)]]) . First we have to check the 
conditions of transversality (Ti?i)-(Ti?3) from Definition 13.5. 1[ 

The condition (TRi) easily follows from the transversality of X to every stratum of P 
and the observation that A is contained in the union of conormal bundles to all strata of P. 

The condition {TR^) immediately follows from the observation that 

N{P)n¥+{T^Y) = (lS (3.5.8) 

which again is a simple consequence of transversality of X to all the strata of P. 
Let us check {TR2). This condition is equivalent to 

WF{[[N{P)]]) n TTyiTxY) = (3.5.9) 

where vry : Py — > F is the natural projection. Let us denote Pq := P H X which is a 
submanifold with corners of X (again due to the transversality of X and strata of P). Let 
us fix a point Xq G Pq. Again as a consequence of transversality of X and strata of P, in a 
neighborhood of xq we can write Y = XxZ,P = PoxZ where X and Z may and will be 
assumed vector spaces (for the convenience of the notation), Pq C X. Then one has 

N{P) = {ix,z; [e : OzA)\ i^, l^]) e N{Po), z e Z} C Py. (3.5.10) 

This description easily implies (13.5.91) . Thus we have shown that /*(Hp(]lp)) is well defined. 

In order to prove the second part of the proposition, we notice that the equality P = 
Pq X Z implies the equality 

r(]lp) = Ipnx (3.5.11) 
(where Ip G C-°°(y), Ipnx G C"°°(X)). Thus it remains to show that 

f3^a*{[[N{Pm = [[N{PnX)]] 
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where as previously we have 
Recall that the map a is equal to the composition 



X'xTPy ^ X Xy Py ^ Py 

where 5 is the natural imbedding, and e is the oriented blow up map along P_(_(T^y). 
From (13.5. 101) it is easy to see that 

^\[{N{P)]]) = [[N{P) n (X xy Py)]] = [[{{x- : Oz.])| (x, [C]) G iV(Po)}]]. (3.5.12) 
Then (13.5.121) and fl3.5.8p imply readily that 

/5*^*(5*([[iV(^)]]) = [[N{Po)]]. (3.5.13) 
The equalities (13.5. lip and (13.5.130 imply the proposition. Q.E.D. 

The following result will be needed later for integral geometric applications. It is another 
special case of the heuristic fact that [f o g)* = g* o f* ■ 

3.5.13 Proposition. Let X Y ^ Z he smooth maps such that g is an immersion, f 
is a submersion, and the composition f o g: X — ^ Z is an immersion. Let ^ G V^°°{Z) be 
a generalized valuation. Assume that f o g is transversal to C,- Then g is transversal to f*^ 
and 

/(r(0) = (/°^?)T 

Proof. The proof is a straightforward tedious computation which we are going to do. 
First by localization we may assume that g and fog are imbeddings. Localizing further we 
may assume that X is a vector space, and for some vector spaces S and L 

Z = XxS,Y = XxSxL, 
g: X — S'XxS'xLis given by g{x) = {x,0s,0l), 
f : X X S X L — i'XxS'is the projection. 

Thus (/ o g){x) = (x, 0^). Let ^ be given by a pair of currents (C, T). Let us denote 

A := WF{C) C T*(X X ^)\0, 
r := WF{T) C T*(Pxx5)\0. 

Let us recall that we have the maps 

Py ^ Pz X L ^ Fz. 

Recall that f*^ is given by the pair (C",T') := (/*C, {df*),p*T). 

Step 1. Let us check that g and /*^ satisfy the first condition of transversality (Ti?i). 
More precisely let us check that g*{f*C) is well defined, namely 

WF{f*C) n Ti(X X 5 X L) = 0. 
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Identifying T*{X x S x L) = {X x S x L) x {X* x S* x L*), let us observe that 



T*^{XxSxL) = {{x, Os, Ol; Ox*,s*, 1*)}. 



Next we have 



WFirC) C r A = {(x, s, I- X*, s*, Ol*)\ (x, s; x*, s* 



)gA}. 



Thus 



fA nT*x{XxSxL) = {{x, Os, Ol; Ox',s*, 0^.)! {x, Os; Ox',s*) e A}. 



But 



{(x, 05;0x*,s 



*) G A} = Anr^(Xx s) = $ 



where the last equality follows from the assumption that f o g is transversal to ^. Thus 
(Ti?i) is proved. 

Step 2. Let us check that g and /*^ satisfy the third condition of transversality (TR^). 
Namely let us check that WF{T') does not intersect the co normal bundle of the submanifold 
P+(T^(X xSxL))c FxxSxL. 

We have WF{T') = WF{{df*)^p*T) C {df*)^p*T. Let us write down the latter space 
more explicitly. 

Let us fix an element {zq, [zq]) of the space Fz = Z x P+(Z*). The fiber of T*Fz over 
this point is identified with Z* x Tj*,j(P_|_(Z*)). Let us fix also a point Iq G L. The fiber of 
T*{Fz X L) over the point (^o, [^o]. ^o) is equal to Z* x T[;.](P+(Z*)) x L\ elements of which 
will be denoted by (2;*,^*,/*). In this notation we easily see that the fiber of p*T over the 
point (2:0, [zl\, Iq) is equal to 



{f'n[..X4\M = {{^\C,Ol') eZ*x Tf,.](P+(Z*)) X L*\ {z*,e) e r|(,„,[,.])}. (3.5.14) 



Let us describe the fiber of F := {df*)^p*T over the point {zq, [zq : Ol*]Jo) (clearly the 
fiber of F may be non-empty only over points of such form). Let us denote for this purpose 



the natural map, namely the dual map to the differential of the imbedding P_|_(Z*) 
P+(Z* X L*). Then using the description (13.5.141) one easily sees that 



{{z*,v*,Ol*) eZ*x Tf,.o^,](P+(Z* X L*)) X L*\ {z\u{r,*)) G {0} U F|(,„,[,.])}\{0}. 



We want to show that the intersection of F with the conormal bundle of P+ (TJ {X xSxL)) 
is empty. Observe that 



z/: Tr 



[:.o,,](p+(^* X L*)) T[:.](p+(z*)) 



{zo,[z'^:OL*],k)) 



P+(Ti(X xSxL)) = {(x,05,0l; [Ox* : s* : /*])}. 
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Thus we will consider the case 

= (xo, Os) e X X s = z, 
/o = Ol G L, 
[z*,] = [Ox* : si] G P+(X* X S*). 

The fiber of the conormal bundle of P+(TJ(X xSxL)) C Py over the point {zo,Ol,[z^ : Ol*]) 
(which we identify with (xq, O5, 0^, [Ox* '■ Sq : 0^.])) is equal to 

{(Ox.,s*,r;r)|/i(r) = 0} (3.5.15) 

where /i: T[*^,^,*^o^^](P+(X* x S* x L*)) ^,.^^^^^{¥+{8* x L*)) is the dual of the differential 
of the imbedding P+(S'* x L*) C P+(X* x S* x L*). The intersection of the set (13.5. 15p with 
the fiber of T is equal to 

{{Ox*,s*, OL*;n\ {Ox*,s*, u{C)) G {0} U r and fi{C) = 0}\{0}. (3.5.16) 

It is easy to see that if fi{C,*) = and ^* 7^ 0, then z/(^*) 7^ 0. Hence if the set fl3.5.16p is 
non-empty and a vector {Ox* , s* ,0l*; C,*) belongs to it, then (Ox*, s*, z/(^*)) G T. But then 
the latter vector belongs to the intersection of the fibers over {xq, O5; [Ox* : so]) of T and of 
the conormal bundle of P+(TJ(X x S)) C Pxx5 (using /i(^*) = 0). But the last intersection 
is empty since the map f o g is assumed to be transversal to C, and thus satisfies the third 
condition of transversality {TR3), namely the intersection of F with the conormal bundle of 
P+(T^(X X 5)) C Pxx5 is empty. Hence Step 2 is completed. 

Step 3. Let us check that g and f*^ satisfy (TR2). Namely let us check that WF(T') 
does not intersect the conormal bundle of the submanifold X Xy Py c Py. Recall that 
y = X X ^ X L. 

Let us fix an arbitrary point Bq := (xq, Os, Ol, [xq : Sq : /q]) G X Xy Py. We identify the 
fiber of T*Py over this point with X* x 5* x L* x T* . ,,i(P+(X* x ^* x L*)). 
The fiber of the conormal bundle of X x y Py over the point i?o is equal to 

{(Ox*,3*,r;0)} C (X* xS*x L*) x T[:.,.,.](P+(X* x S* x L*)) (3.5.17) 

where the last zero in the first set belongs to rj*,*.^*.;.](P+(X* x 5** x L*)). As in Step 2, the 
fiber of r = {df*):^p*T over Bq is equal to 

{(x*, s*, Ol*;C) I {x*, s*- G {0} U F} . (3.5.18) 

Hence the intersection of the sets f l3.5.17p and (13.5.181) is equal to 

{(Ox*, s*, Ol.; 0)1 (Ox*, s*; 0) G {0} U F} = {(Ox*, s*, 0^*; 0)| (Ox*, s*; 0) G F}. 

But the last set is empty since the set {(Ox*, s*; 0)} fl F is empty. Indeed by the assumption 
f o g is transversal to ^, and hence the second condition of transversality {TR2) is satisfied: 
the intersection of F with the conormal bundle of X Xxxs Pxxs C Pxxs is empty. Step 3 is 
proved. 
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Step 4. It remains to show that (/ o = fi'*(/*(0)- 

First let us prove it in the special case X = Z, i.e. S = {0}. In this case we have 



Z ^ X X L ^ Z, 

and f o g = Idz- For any closed conic subsets A C T*Z\0, T C T*Fz\0, we denote, as in 
Step 2, by f := {df*)^p*T. Then the maps 

r : VXr~(^) yf^ZA^ X L), g* : Vf^l^{X x L) V-^{Z) 

are continuous operators. In particular taking A = T*Z\0, F = T*P^\0 we deduce that 

g* o f*: V-°°{Z) V-^{Z) 

is a continuous operator. 

To show that g*of* = {f°g)*i= Id) it is enough to check that these operators coincide on 
characteristic functions of compact submanifolds with corners since their linear combinations 
are dense in V~°°{Z) in the weak topology ([6|, Section 8.2). Thus let P C Z be a compact 
submanifold with corners. Then by Proposition 13.3.41 

r(Sp(]ip)) = Sp(]ipx^). 

But observe that Z is transversal to PxL. Hence by Proposition l3.5.12] we have (y'*(Sp(]lpxL)) = 
2-p(]l(PxL)nz) = 2p(]lz). Hence g* o f* = Id. 

Now let us consider the general case. Let ^ correspond to a pair of currents {C,T). As 
in Steps 1-3 let us denote A := WF{C), F := WF(T). From the computations in Steps 1-3 
and from the behavior of wave fronts under pull-back and push-forward (see Propositions 
11.4.41 and 11.4.101) it follows that (fog)* and g* o f* are continuous linear operators 

V^^^iZ) V~^{X). 

By Lemma [1.6.8l it is enough to show that these operators coincide on the subspace of smooth 
valuations. Thus we may assume that ^ is a smooth valuation. 

Let us decompose g as X A Z A F where h{x) = {x,Os), k{z) = {z,Ol). Both maps 
h, k are imbeddings. 

3.5.14 Claim. These maps h,k and the valuation /*^ G V^°°{Y) satisfy the assumptions 
of Proposition \3. 5.11\ 

Let us postpone the proof of this claim and finish the proof of our proposition. By 
Proposition 13^111 g*{f*\) = h*{k*{f*^)). By what we have just shown k*{f*{^)) = ^. 
Hence g*{f*{^)) = h*^. On the other hand f o g = k, hence (/ o g)*(^ = k*^. Thus to finish 
the proof of the proposition it remains to prove Claim 13.5.141 

Proof of Claim [3.5.141 Let f*^ G V"~°°(F) be given by a pair of currents (C*, T). Since 
^ is smooth, C = f*C is also smooth. Thus WF{C) = 0. The wave front of T is contained 
in the conormal bundle of F c Py, thus let us denote 

M := T;x^pjPy)\0 C T*Py\0. 
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We have 

Yxz^z = {{z, /; [z* : Ol.])} C Py = P^xL- (3.5.19) 

Step 1. First we will check that k: Z — > F is transversal to (0, M), i.e. we have to verify 
the three conditions of transversality {TRi)-{TR^) (see Definition 13.5. ip . 

The first condition (Ti?i) is satisfied for trivial reasons. Let us check {TR2), namely 

MnT|,^P^(Py) = 0. (3.5.20) 

We have 

Z XyFy = Z X {Ol} X P+(Z* X L*). 

Fix points Zq G Z, [z*] e Fz- Denote Aq := {zo,Ol; [z* : Ol-]) eY Xz Pz- The fiber of 
M U over Aq is equal to 

M\ao U {0} = {Oz4 X X T;^(^,,o,,)(P+(^*))I[.5:0,.]- (3-5-21) 

The fiber of 7'|j^yp^(Py) over Aq is equal to 

r|x,P,(Py)L„ = {Oz4 X L* X {0} (3.5.22) 

where the last zero on the right hand side belongs to Tj*..q^^^(P+(F*)). Next from (13.5.211) 
and (I3.5.22P we see that 



MnT|,^p^(Py) 



Thus the second condition of transversality {TR2) is checked. 
Let us check the third condition {TR3), namely 

MnT;^(^,y)(Py) = 0. 

We have 

P+(T|F) = {(^,0i;[0z. :/*])} cPy. 
It is clear that P+(T|F) n (F x^ P^) = 0. Hence trivially 

7?+(T|y)(Py)nM = 0, 

thus the condition (TR^) is satisfied. 

Step 2. Let us check that h: X — >■ Z is transversal to k*{f*C,). It suffices to check that 
h: X — >• Z is transversal to (0,/5i*a^M) where 



Pz ^ Z Xy Py ^ P 



Y 



is the diagram analog ous to fl3XT]) but with Z instead of X F. We will prove a 

stronger statement: l3ua\M = 0. 
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Similarly to fl3.5.2p . let us decompose ai as 

where ei is the oriented blow up map along P+(T^y), and 6i is the imbedding map. 
Let us consider subset J C Py defined by 

J:=iYxz Fz) n (Z Xy Py) = {{z, 0^, [z* : 0^*])} 

where the intersection is obviously transversal. It is clear that 

SIM = T}{Z Xy Py)\0. 

Next the oriented blow up map 

ei: Z'^^Y Z Xy^y 
is along the submanifold P+(T|y) which obviously does not intersect J. It follows that 

elSlM = T*^^,^j^{z'^Ym 

and El is a diffeomorphism of a neighborhood O of ei^{J) onto its image. Hence while 
computing (3l^,e\5lM we may consider the restriction of (3i to this neighborhood O. This 
neighborhood O can be taken to be 

O:={(^,0^;[z*:r])|zV0}. 

Next (3i: O — > P^ is given by 

A((z,0^;[z*:r])) = (z; [z*]). 

Also 

e^\j) = {{z,QL-Az* -.QlA)]. 

Then clearly the restriction of [3i to e^^{J) is a diffeomorphism e~^{J)^¥z- This and the 
fact that j3i: O — ^ P^' is a fibration imply that 

A,(T%(^^O\0) = 0. 

Hence pua^M = puslSlM = 0. Thus Step 2 is completed. 

Step 3. It remains to show that g = k o h is transversal to (0, M). The condition (Ti?i) 
is satisfied trivially. 

Let us check (TR2). Let us suppose in the contrary that there exists a point Aq G XxyPy 
and ^ e M|yi(, which belongs also to the fiber over Aq of the conormal bundle T^^^p^(Py). 
The point Aq has the form 

Aq = (xo,05,Ol; [x*q : s*q : 0^*]). 
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Denote also 

Qo := [4 ■ 4 ■ Ol-] e P+(x* X ^* X 0^0 c P+(y*). 

Using (13.5.211) one sees that ^ must have the form 

e = (Ox*,05*,0^*;C) with C e (t;^(x*x5*xo,.)(P+(>^*))) 

But the assumption that ^ G (^xxyPy (^"i^)) 1^^ imphes that C = 0- Hence ^ = which is a 
contradiction. Thus {TR2) is proved. 

Let us prove (TR^). Let us suppose in the contrary that there exists a point Bq G 
P+(Tjy) and rj G M\bo such that r/ also belongs to the fiber over Bq of the conormal bundle 
Tp^^y. y^(Py). Notice also that 

P+(T*y) = {(x,05,0i; [Ox* :s* :/*])}. 

Necessarily Bq has the form 

Bo = {S:o,Os,Ol;[Ox* -.SI-.Ol^]). 

Let us denote i?o '■= [Ox* : : 0/,*] G P+(y*). In this notation rj must have the form 

T] = (Ox*,05*,OL*;r) 

with r G (t;^(x*x5*xo,*)(^+(^*))) li?o ^ (^p\fe.x5*xL*)(P+(>^*))) But the last inter- 
section is equal to {0}. This is a contradiction, thus (TR^) is proved. 

Hence Claim [3T5.14l is proved. Hence Proposition 13 . 5 . 1 3] is proved completely too. Q.E.D. 

3.6 Push-forward of generalized valuations under submersions. 

Let f : X — ^ F be a proper submersion. In Section [3l2] we have defined a push- forward map 
on smooth valuations 

which is a continuous operator. In this section we extend this map to a partially defined 
map on generalized valuations. This extension will be important for applications to integral 
geometry in Section |4] below. 

Ideologically, the push-forward map /=„ is dual to the pull-back map /*. Proposition [333] 
implies that for the submersion f : X — > Y we have the continuous pull-back map 

f*.,V^iY)-^V,-,^iX) 

where M C T*Px\0 is the conormal bundle of X Xy Py c Px with the zero section removed. 
If in addition / is proper then /* maps compactly supported valuations to compactly sup- 
ported: 

r:vriY)^v,-,2^ix). 

Next in [9j there was defined a partial product on generalized valuations on a manifold 
X which will be needed now. Let ^1,^2 G V~°°{X) be generalized valuations. Assume that 
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the wave fronts (Aj,rj), i = 1,2, of the currents corresponding to satisfy some exphcitly 
written condition of disjointness (see Theorem II. 6. 7^ or fl3.6.1l) - fl3.6.5l) below in this section). 
Then one can define the product -^2 ^ V~°°{X). Moreover this product defines a bihnear 
separately continuous map 

which coincides with the usual product on smooth valuations. 

Now in order to define the push-forward map /* for a proper submersion f : X — ^ F , let 
us fix an arbitrary closed conic subsets 

A C T*X\0, r C T*Fx\0 

such that (A, F) and (0, M) satisfy the above mentioned condition of disjointness. Let us 
define eventually 

f.:V^^^iX)-.V-^iY) 

as follows 

<M,<p>--= [ ^r0 

Jx 

for any G V^^(X) and any test valuation G V^{Y). The above discussion implies that 
we get a continuous linear operator f^,. 

By the discussion in Section 13.31 it is clear that the restriction of this /* to smooth 
valuations coincides with the push-forward defined in Section 13.21 Thus there is no abuse of 
notation. 

Let us remind again the condition of disjointness of wave fronts. Assume that Aj C 
T*Y\0, Fj C T*Py\0, i = 1,2, be two closed conic subsets. One can define a separately 
continuous bilinear map 

extending the product on smooth valuations, provided the following conditions are satisfied: 

Ains(A2) = 0, (3.6.1) 

Fi n s(7r;-A2) = 0, (3.6.2) 

F2 n s(7r;-Ai) = 0, (3.6.3) 

if {y, [^i],Ui, 0) eTi,i = 1, 2, then ui ^ -U2, (3.6.4) 
if {y, e Pz and {u,r]i) e Fi|(j^,[5]), {-u,r]2) G F2|(y,[_5]), then 

de*{0,r],,r]2) ^ (0,1,-1) G T(;[^],K])(Py Xy Py) (3.6.5) 
where ^: Py Xy Py Py xy Py is defined by 9{y, [(,], [C2]) = (y, [Ci], [-(2])- 

Now let us define the push-forward map 

f.:V^^^{X)-.V~^{Y) 

for a proper submersion f : X — > Y and closed conic subsets A C T*X\0, F C T*Px\0 such 
that 

the pairs (A, F) and (0, T^xyPy (^x)) satisfy ([3X1]) -([323]), (3.6.6) 
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as follows: 

< ^ >= j^(t)-rij 

for any G V^^(X), ip G The previous discussion implies readily that this map 

/* • ^A~r°(^) — ^ V~°^{Y) is a continuous linear operator. 

Under the same assumption on (A, F) one defines in the same way the push-forward on 
compactly supported valuations 

if f : X — ^ y is a submersion, but not necessarily proper. 

In order to study further properties of the push-forward map, let us prove some technical 
results. 

Assume now that i: X "-^ Y he a smooth imbedding. Recall that we have the diagram 
(see dMD) 

Recall that by Proposition 13.4.21 for G V^°°{X) given by a pair of currents (C0,T(^) the 
push-forward i*0 is given by the pair (0, a^[3*T^). 

Recall also that, by the Definition of the pull-back under immersions from Section 13.51 
if G V~'^{Y) is given by a pair (C^,T^) and the imbedding i is transversal to ip then the 
pull-back i*ip is given by the pair of currents (z*C^, /3*a*T^). 

Let us denote also 

K^:=WF{C^),K^ := WF{C^), 
V^:=WF{T^)J^ ■= WF{T^). 

3.6.1 Lemma. Using the above notation let us assume that the imbedding i: X "—>■ Y is 
transversal to ip E V~°°(Y) (in the sense of Definition \3. 5.^) . the pairs of subsets (A^, F^) 
and (i*A^, /5*a*F^) satisfy l\3. 6. 1\) - E3. 6. 5\) . and also the pairs of sets (0, a*/3*F^) and (A^, F^) 
satisfy / frO]) -/ frO]) . 

Then i^cj) ■ ip and (p ■ i*'ip are well defined, and 

I i,<t)-i)= I 4>-i*i:. (3.6.7) 
Jy J X 

Proof. The well-definedness of the expressions is clear. This implies that the two 
bilinear maps V^^^^^{X) x V^'^^(X) — > C given respectively by (/x, z/) i-^ /y ■ t-' and 
(/X, i/) I— >• /^/x ■ i*v are separately continuous. Thus in order to show that they coincide it 
is enough to assume that ip is smooth. But for smooth ifj the equality (13.6.71) is satisfied by 
the definition of from Section Q.E.D. 

3.6.2 Lemma. Let Y = XxZ,f: XxZ — > X be the natural projection. Let i: X ^ 
X X Z be a closed imbedding of the form i{x) = {x, zq) where zq E Z is a fixed point. Let 
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G V~^{X) be a generalized valuation with compact support. Let ^ G V"°°(X) be a smooth 
valuation. 

Then (j), %p := f*^, andi: X satisfy the assumptions of Lemma \3.6.1\ Consequently 

the generalized valuations i^cp ■ f*C, and (p ■ i*{f*^) are well defined, and 

[ iA-ri= I <l>■^*{f*0■ 

Jy Jx 

Proof. Let ip := f*C, be given by the pair of currents (C^,T^). Since ^ is smooth we 
have 

= 0, (3.6.8) 

r^cT*,^P^(Py). (3.6.9) 

The condition (I3.6.9P imphes readily that /?*a*r^ = 0. Hence the first assumption of Lemma 
EXDfollows: the pairs {A^,T^) and {i*A^,f3^a*T^) = (0,0) satisfy fl3XT]) - fl3X5D . 

Let us check now the second assumption, namely that the pairs (0, a^P*Tfi,) and (A^, F^) = 
(0, r^) satisfy fl3.6.ip - fl3.6.5p . The conditions fl3.6.ip - fl3.6.3p are satisfied trivially. 

Let us check fl3.6.4p . Assume that {y,[^i],ui,0) G a^P*T^, {y,[^2],U2,0) G T^. But 
f l3.6.9p implies that U2 = which is a contradiction. Thus f l3.6.4p is proved. 

Let us check f l3.6.5p . For simplicity of the notation we may and will assume that X, Z 
are vector spaces, zq = Oz & Z. Assume that 

{u,r]i) G (a,/?T<^)|(j^,[5]), 
{-u,r]2) G F^|(j^j_g]). 

Clearly y = (x, Oz). Next fl3.6.9p implies that u = and C, = (x*, Oz*) with x* e X*. Denote 

(0,77^) := ds*{{0,r]2)) G (7'yxxPx(^^))l{^-K])- ^^^^ ^^^^ *° ^^^^ ^1 ^ ~^2- 

Otherwise we would have that 

{0,vi) G (a,/5T^nT;,^p^(Py)) l^^^^j^j^. (3.6.10) 

Since [^] = [x* : Oz*], there exists a neighborhood U C Py of {y, [C,]) such that a: a~^{U) 
— >■ f/ is a diffeomorphism. Thus we will simply identify a~^{U) with U via a (recall that a 
is the oriented blow up map along P+(T^y) C Py). Then there exists a cotangent vector 
A G iT*Fx)\{x,[x*]) such that (0, rji) = d(3*{\). Let us denote by F the tangent space at (y, [^]) 
to the fiber (3~^{{x, [x*])). Then (0,?7i) vanishes on F. Also by (13.6.1 OP (0,?7i) vanishes on 
the tangent space of Y Xx Px- The latter space is clearly transversal to F. Hence (0,r7i) 
vanishes, which is a contradiction. Q.E.D. 

3.6.3 Corollary. As in Lemma \EEM let Y = X x Z , f : X x Z X be the natural 
projection. Let i: X ^ X x Z be a closed imbedding of the form [x ^ (x, Zq)] where Zq E Z 
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is a fixed point. Let G he a generalized valuation with compact support. Let 

^ G V°°{X) be a smooth valuation. Then 

[ t*^-n= [ 

Jy J X 

where all the products are automatically well defined. 

Proof. By Lemma 13.6.21 the products are well defined, and 

Jy J X 

But Proposition 13.5.131 implies immediately that i*{f*C) = Corollary is proved. Q.E.D. 

Our next goal is to show that the pushforward under a submersion of a constructible 
function (considered as a generalized valuation) is equal to integration of this function with 
respect to the Euler characteristic along the fibers (see Ch. 9 of [25] for the detailed discussion 
of this notion). However we will do this explicitly only under rather restrictive assumptions. 
This generality will be sufficient for some integral geometric applications discussed below, 
but from the point of view of the general theory it does not seem to be very satisfactory. 
Our first result in this direction the following lemma. 

3.6.4 Lemma. Let X, Z be smooth manifolds without boundary, letY = XxZ. Let f: XxZ 
— y X be the natural projection. Let P G V{Z). Then the wave fronts of the generalized 
valuation E{lxxp) £ V^°°(Y) satisfy the condition of transversality h3. 6. 6)) (note that here 
the roles of X and Y are interchanged) and 

/.(S(]lxxp)) = x(P)-X. 

Proof. We have N{X x P) = YxzN{P) C F x^P^ C Py. Clearly N{X x P) is disjoint 
from Y Xx Px- Hence the push-forward f^,{Ep{lxxp)) is well defined, i.e. the condition of 
transversality fl3.6.6p is satisfied. 

Triangulating P we may assume that Z = R^ and P is a linear simplex. For £ > let us 
denote Pe := e ■ P. Also let us denote for brevity 

A := r*y\o, 

r := (r Xz^z) (T*Py\0) C T*Py. 

It is easy to see that the pairs of sets (A, F) and (0, Tyx^p^Py\0) satisfy the conditions 
fl3XTD - (l333|) . 

Below we will show that 

Sp(]lxxpJ Hp(]lxx{Oz}) in V^^iY) as e +0. (3.6.11) 

First let us finish the proof of lemma. Evidently /*(Sp(]lxxpJ) = f*i^v{^xxp)) for e > 0. 
Hence by (13.6.111) /*(Sp(]lxxp)) = /*(-p(]lxx{Oz}))- Let i: X X x Z he the imbedding 
i{x) = (x, 0^). Let := E!-p(]lx) ^ V~'^{X). Applying Corollarv 13.6.31 to 0,/, and i we 
deduce the result (formally we may assume that X is compact). 
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Thus it remains to prove fl3.6.1ip . It is clear that [[X x P,]] [[X x {0^}]] in CX°°(F) = 
C-~(F). Next N{X x P,) = X x N{P,) C Py. By [I^, Lemma 2.1.3, we have [[N{P,)]] 

[[Ni{Oz})]] in PdimZ-i(Pz). Hence [[X x N{P,)]] [[X x N{{Oz})]] = [[N{X x {Oz})]] 
in Pdimy-i(Py). 

It remains to show a seemingly more precise statement that [[A^(X x Pe)]] — > [[N{X x 
{Oz})]] in Cp°°{Fy, n*^'™^), which is obvious since for e > one has an inclusion N{XxP^) c 
Y Xz Pz- Lemma is proved. Q.E.D. 

3.6.5 Proposition. Let X = M™, Z = R""™, F = X x Z = R". Let f : Y ^ X be the 

natural projection. Let A (Z Y he a compact convex set with smooth boundary and strictly 
positive Gauss curvature. Then the push-forward /*(Sp(]l^)) is well defined and is equal to 

Hp(]l/(A)). 

Proof. Clearly we may and will assume that n > m. The Gauss map dA — > S^~^ is a 
diffeomorphism. This implies that N{A) is transversal toYxx Px- Hence the wave fronts 
of Sp(]1a) satisfy the condition (13.6.61) (with X and Y interchanged). Hence /*(H-p(]l^)) is 
well defined. 

For £ > let us denote by fe the linear map R" — > R" which is given by /^(y, z) = [y, ez). 
For e > let us denote by : P]Rn — *• Pj^n the induced map. Denote also A^ := fe{A). Notice 
that Ao = f{A) X {Oz}. 

Let us fix a small open conic neighborhood U C T*Py\0 of the set Tyx^p^Py\0 (it will 
be clear from the discussion below how small U should be). Denote by F the complement of 
U in T*Py\0. Denote A := T*Y\0. First it is easy to see that the pair of sets (A, F) satisfies 
the condition (13.6.6^ . We will show that 

Hp(]l^J EvilAo) in V^^^iY) as e +0. (3.6.12) 

This and Corollary 13.6.31 will imply our lemma easily. 

Thus it remains to prove (13.6. 12p . It is clear that A,. — Aq in the Hausdorff metric. 
Hence by |I0], Lemma 2.1.3, [[X(v4J]] [[N{Ao)]] in P„_i(Py). It is also clear that [[A,]] 

[[Ao]] = in V^{Y) = C-^{Y). Hence S^(]1aJ ^ ^vi^Ao) in V-^{Y). 

Thus it remains to show that [[X(Ae)]] [[N{Ao)]] in CX^iFY,^'') as e +0. Let us 
fix a conic subset K d U such that -ft'/R>o is compact, and fix also a point sq G Py. We 
have to show that there exists a coordinate system {(ti, . . . , t2n-i)} in a neighborhood T of 
So such that for any smooth {n — l)-form uo with compact support contained in T, and for 
any X G N one has 

lim sup (I / e^^'=~i'*°«°cu(t) - / e^^'="i'*"«"tu(t)| ■ (1 + |^|^) ) = (3.6.13) 

where the integrations are with respect to t. 

Since N{Ai;) converges to N{Aq) in the Hausdorff metric, we may and will assume that 
So G N{Aq). Next since we may restrict our considerations to a neighborhood of F x^ P^ 
in Py, we may and will assume in addition that so G Y Xx Px- Thus we assume that 
So G (F XxPx)nX(Ao). 
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Then we can write Sq = {yo, [no]) where ijq e 5^40, no e X* x {Oz*} C Y*. Let y e dA 
be the only point on the boundary of A such that the outer normal at y is equal to Uq. 

Let us introduce coordinates {{xi, . . . ,Xm)} on X such that (0, . . . , 0) corresponds to 
Ox ^ X, and the parallel to no, but has opposite orientation. Let us also choose 

coordinates {(^i, . . . , Zn-m)} on Z such that (0, . . . , 0) corresponds to Oz- 

Then in a small neighborhood V of y there exists a smooth strictly convex function 
F{xi, . . . , x„j_i; Zi, . . . , Zn^rn) such that in this neighborhood V the set A coincides with the 
set {xjn > F[xi, . . . , Xm-i] ^1, • • • , ^n-m)}- Let US denote for brevity 

X . — (3^1, ■ ■ ■ , ^-m— 1) ) ^ — (-2-1, ■ ■ ■ , ^n—rn) 1 

V,F: = 

Then, in V, the normal cycle N[A) is given by 

N{A) = {{x,F{x,z),z- [W^F{x,z) : -1 : V,F(a;, ^)])}. 

Then obviously 

N{A,) = {{x,F{x,z),ez; [V^F{x,z) : -1 : e'^W ,F{x, z)])}. 
Let us consider the change of coordinates {x, z) ^ (x, V^F). It is locally invertible. Indeed 



^ dF 


dF 




dXm-l 


(dF 


dF 







the Jacobian is equal to 



idzj J 



and the matrix ( „ £ ) is invertible since F 



is strictly convex. 

Let us denote w :— VzF, and rewrite the parametrization of N^A^) in coordinates {x, w). 
Denote 

G{x, w) := F{x, z), 
H{x,w) := VxF{x,z), 
K{x, w) := z. 

Then 

N{A,) = {{x,G{x,w),eK{x,w);[H{x,w) : -1 : 

In our fixed small neighborhood T of sq G Py we can reparameterize N[A^) by choosing 
9 :— e~^w. Then 

N(A,) = {(x, G(x, se),sK(x, eO)] [H{x, eO) : -1 : 9])}. 

To abbreviate the notation, now we will write points given in homogeneous coordinates as 
[a : —1 : b], in linear coordinates as (a, 6). Then in appropriate coordinate chart on Py the 
normal cycle N{A^) is locally parameterized by (x, 9) as 

N{A,) = {{x,G{x,ee),eK{x,6ey,H{x,ee),e)}. 
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In the same coordinate chart the normal cycle of the limiting set Aq is parameterized by 
(x, 6) as 

iV(Ao) = {(x,G'(x, 0),0;Hix, 0),^)}. 

Applying an appropriate diffeomorphism of the ambient space Py, we may get the following 
parametrization of the normal cycles: 

N{A,) = {(x, G{x, 9, e), K{x, 9, e); H{x, 9, e), 9)}, 

N{Ao) = {{x,0,0;0,9)}, 

where G, K, H are some C°°-smooth functions of x, 9, and e G [0, 1], such that 

G{x, 9,e = 0)= H{x, 9,e = 0)= K{x, 9,e = 0)=0. 

To simplify the notation we will denote 

{G,H,K) =: M, {x,9) =: v. 

Notice that M takes values in M."', v E W"-^^. Clearly M is C°°-smooth in {v,e), and 
M{v,0) = 0. 

In this notation we have 

N{Ao) = {iv,0^n)}, (3.6.14) 

NiA,) = {iv,Miv,e))}. (3.6.15) 

From this description it is clear that the conic neighborhood U of Ty^^p^Py\0 can be chosen 
so small that )IPy\0 C F for all e G [0, 1] (recall that F is the complement of U). 

Let us fix an arbitrary conic closed subset T C (M"^"*^ x ]R")*\{0} such that T/R>o is 
compact and 

T n ({0(Mn-i)4 X M"*) = 0. (3.6.16) 

In order to finish the proof of the proposition, i.e. of (13.6.131) . we have to show that for 
any smooth compactly supported (n — l)-form u on M^*^"^ and any N eN one has 

lim sup (\ [ e'<^'y>uj{y) - [ e'<^'y>u{y)\ ■ (1 + = 0. (3.6.17) 

£—^+0 ^gj, \^ Jn(A,) Jn{Ao) J 

Let us show that 



lim sup I / e'<^'y>uj{y) \ ■ (1 + |^|^) < oo. (3.6.18) 

e-^+O^^T \ Jn{A,) J 

We will write ^ = (r^, C) with r] G (R""^)*,C G (M")*. Let us denote also by Ue the 
pull-back of uj under the map v ^ (f , M(f , e)). Thus ujf, is an {n — l)-form on M"~^. In this 
notation (13.6. 18p is rewritten 

~^sup^^T {\ I e'«'''">+<^'*^('''^>)cu,(t;)| ■ (1 + (|r/| + ICI)"^)^ < oo. (3.6.19) 
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The assumption (13.6. 16p implies that there exists a constant C such that for any ^ = 
{j], C) E T one has 

\C\<c\v\. 

Subdividing T into finitely many parts one may assume that there exists G {l,...,n — 1} 
such that for any {rj, () E T with r] = {rji, . . . , ?7„_i) one has 

\Vj I < \Vio I foi' any j = 1, . . . ,n - 1. 

For simplicity of the notation we will assume that zq = 1, i.e. \rij\ < \rii\. 
For ^ = {ri,C) ^ T let us consider the smooth map 

given by F^,c,£(t^i, V2, . . . , Vn-i) := {vi+ < ^, M{v, e) >,V2,..., Vn-i). 

Let us fix a large ball B C M"^^ containing the supports of all forms Us, e G [0, 1]. Since 
for any (77, () ^ T one has |C| < C''|'7i| for some constant C, and since M(t>, 0) = 0, it follows 
that there exists Eq > such that for any e e [0,£o] and any (//, C) £ 7" the map -Fr;,c,e is 
a diffeomorphism of the ball B onto its image. Moreover any C'^-norm of it and its inverse 
can be estimated by a constant independent of (77, () E T, e E [0, Eq]. 

The expression in the exponent in (13.6.191) is 

n-1 

<r],v> + < C,M{v,e) >= ^r]ivi+ < C,M{v,e) >= 

1=1 

y. n— 1 

Vi ■ {^1+ < —M{v, £),v>) + Y^ r]ivi =< T], F^,c,e(w) > . 

1=2 

Hence after the change of variables using -F,,,,^,^, the inequality (13.6. 19p becomes equivalent 

to 



£ >+0 



But for (r], C) G T, e G [0,£:o] the forms {F~^^)*uJe have uniformly bounded supports, and 
all their C^-norms are uniformly bounded. This readily implies (I3.6.20p . Thus (13.6.181) is 
proved. 

Similarly, but simpler, one proves that there exists a constant Cn such that 

sup I / e'<^^y>uj{y) I ■ (1 + 1^1^) < Cm. (3.6.21) 

?eT Jn{Ao) 

It remains to show that (I3.6.2ip . (13.6.181) imply (13.6. 17p . To prove it, let us fix k > 0. 
There exist ei > and C > such that 



sup sup I / e'<^^y>uj{y)\ ■ (1 + < C. 



£G[o,£i] ?er Jn{a,) 
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Then for ^ G T such that |^| > ^ we have for any e G (0, ei) 

I / e'<^^y>u{y) - / e'<^^y>u{y) \ • (1 + ) < ^ < 
JN{Ae) Jn{Ao) Is I 

On the other hand for |^| < ^ we have 

sup I / e'<^'y>u;{y) - [ e^<«'J'>c^(y)| = 

|^|<^ Jn{A,) Jn{Ao) 

sup I [ e^<'''''> {e'<^^^'^^''^'>Ue{v) - uj{v)) | as £ ^ +0 

which follows from the facts that the expression under the integral tends to uniformly in 
^ when 1^1 < — . This implies (13.6. 20p . Hence Proposition 13.6.51 is proved. Q.E.D. 



4 Valuations and integral geometry. 

4.1 General Radon transform on valuations. 

Let Xi ^ Z X2 be a double fibration. Then we have the map iz '■= Qi ^ (I21 

which is a closed imbedding by the definition of a double fibration. The goal of this section 
is to define a map 

^ g2* (7 ■ 

where 7 is a fixed smooth valuations on Z (7 is called kernel), and is a valuation on Xi, 
either smooth or generalized. We will define such a map under appropriate assumptions on 
the classes of valuations considered (Theorem 14. 1.11) or also on the double fibration (Theorem 

imD. 

We will denote X := Xi x X2. 

4.1.1 Theorem. Let Xi ^ Z X2 be a double fibration such that q2 is proper. Let 
7 G V°°{Z). Then the map 1-^ 5'2*(7 ■ <li(f>) is a well defined linear continuous map 

r°°(Xi) v-^{X2). 

First we will need a general lemma. 

4.1.2 Lemma. Let X be a smooth manifold. Let T C T*Px\0 be closed conic subset such 
that 7rx*(r) = 0. Then the product 

V,-^{X) X V^{X) V,^{X) 

is a bilinear separately continuous map. 
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Proof. In the proof we may and will assume that X is a vector space in order to simplify 
the notation. Let G V^-^{X), ip G V°°(X) be represented by pairs of currents (C^jT,^), 
(C^, T^) respectively. Thus 

WF{C^) = 0, WFiT^) C r, 
WF{C^) = 0, WF{T^) = 0. 

By fll.6.9l) - fll.6.10p the product cj) ■ ip is given by the pair (C, T) where 

c = n c^, 



where the maps 



defined in (11.6. ip and f ll.6.2p of Section [L6l and qi : Fx x^Px — ^ Px, = 1, 2, be the natural 
projections onto the first and second factors respectively. Recall that P is the oriented blow 
up of the space Pxxx H 7rj^^j^(A) (where A C X x X is the diagonal) along the submanifold 
-^0 U-^i where 

Mo:={{x, l^-.-m, 
Mi:={{x, [e:0])}, 
M2 := {(x, [0 : m- 

We denote by A/^, z = 0, 1, 2, the preimages in IP of the sets Aii. 
It is easy to see that 

WF{qlT^nq;T^)Cqm- 

Then in order to prove the lemma it suffices to show that for any (p G V^-^{X), ip G V'^{X) 
one has 

iyF(C^nC^) = 0, (4.1.1) 
W(T^ n vr^C^) C r, (4.1.2) 
WF{T:\C^r}T^)(lV, (4.1.3) 
P*i>*(giT) c r. (4.1.4) 

The inclusions (I4.1.ip - (l4.1.3p are obvious. It remains to check (14.1.40 which can be rewritten 

as 

p,(gio$)*(r) cr. (4.1.5) 

Let us fix points 

^0 = (xo, m G Px,Xi = (xi, [^i]) G Px,a G P 

such that 

p{a) = Xo, (gi o $)(«) = Xi. 
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then necessarily We have to show that if f G TJ^Px\{0} and w G r|xi satisfy 

dp*{v) = d{qio^y{w) (4.1.6) 

then f G r (here the differentials are taken at the point a G P). 
We will consider 4 cases: 

Caseli a ^AroUMUA/'2; 
Case 2: a G Aq; 
Case 3: a G Afi, 
Case 4: a G A/'2. 

Before we will start considering these cases let us introduce more notation. Since we 
assume that X is a vector space, we can write Fx = X x P_,_(X*), and F = X x Y where 
Y is an appropriate blow up space of P+(X* © X*). The maps p and gi o $ preserve these 
decompositions, more precisely p = {Idx,p) where p: Y — > P+(X*), and gi o $ = (Idx, $) 
where $: F — > P+(X*). It is easy to see that p and $ are submersions as well as their 
restrictions to the boundary of Y. Let us write the vector v G T^_^Fx in the form v = {v', v") 
where v' G T*^X, v" G T[*^]P+(X*). Let us show that if fHXBD is satisfied then 

v" ^ 0. (4.L7) 

Indeed otherwise dp*{v) = (y', 0). Hence d{qi o <l>)*(w) = [v', 0). But since $ is a submersion 
w has the form w = {v', 0). This implies that v' G vrx*(r) = 0. This is a contradiction. 

Now let us consider Case 1. Thus a ^ A/q |J-^i We may assume that a G (Fx 

Px)\(A^o U-^i U-^2)- Then a must have the form 

tt = (a;o, [^1 : V\) with \rf\ ^ [-^i] and [^i + rf\ = [^o]- 

Let us consider the subspace S C TaF defined as the tangent space at a to the submanifold 
{(x, [,^1 : a; G X, C G X*} (here is fixed). Let us denote also by S' the tangent space to 
{[■Ci • C]| C ^ ^*} [^1 '■ v\- this notation we have the following decompositions: 

Tx„Px = X©%](P+(X*)), (4.L8) 
Tx.Px = X©%](P+(X*)), (4.L9) 
5 = X©5'. (4.1.10) 

It is clear that the restriction of the differential dp\s: S — TxqPx is an epimorphism, and 
moreover dp\s maps the decomposition (14.1.101) to the decomposition (I4.1.8p . 

Next the restriction of the differential d{qi o S — > Tx-^Fx maps decomposition 

f l4.1.10p to (I4.1.9p . and its kernel is equal to 5". Hence for w G r|xi one has d(qio^)*{w)\s G 
X* X {O5,'.}. This implies that if dp*{v) = d{qi o ^)*{w) then 

V = {v\ 0) G X* X {0} C T*x,Fx (4.1.11) 

(here we have used that dp\s: S — > Tx^Fx is an epimorphism). This contradicts to fl4.1.7p . 
thus Case 1 is proved. 
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Let us consider Case 2. Thus we assume that a G Aq. It is easy to see that there 
exists a subspace S'o C T^P of the form S<^ = X ® S'^ with C TF, such that d'p\s[^ : S'^ 

T,oP+(X*) is an isomorphism, and dk\s'^ - S'q T,,(P+(X*)) = T^.X'^+iX*)) vanishes. 
The second fact imphes that d{qi o ^)*\gi[w) has the form {w', Os'*) with w' G X*. This and 
the first fact imply that v = {w',0). This is again a contradiction to fl4.1.7p . and Case 2 is 
proved. 

Let us consider Case 3. Namely assume that a G A/i. This implies that [^o] = [^i]- 
Hence Xq = Xi. It is easy to see that there exists a linear subspace Si C Tq,]P of the form 
Si = X®S[ with S[ C TY such that dp\s'^: S[ T^^^^F+iX*) and d^\s'^: S[ %]P+(X*) 
are isomorphisms, and 

d^s[ o (#|5()-': - %]P+(X*) 

is the identity map. This immediately implies that if dp*{v) = d{qi o <l>)*(w) then v = w. 
Hence f G F. 

Let us consider Case 4, i.e. a G Af2- It is easy to see that there exists a subspace 5*2 C T^F 
of the form S2 = X Q) S'2 with S'2 C TY such that (ipl^^ : 5*2 — > T^o(P+(X*)) vanishes, and 
d^lsi^'- S2 — > TxoiJP^^X*)) is an isomorphism. These two facts and the assumption dp*{v) = 
d{qi o $)*(w) imply that w = {w', 0). Hence w' G 7rx*(r) = which is a contradiction. 

Lemma is proved. Q.E.D. 

Proof of Theorem 14.1.11 For i = 1, 2 let us denote for brevity 

r. := T|,^^r^X^)\0. 
Obviously 7rx,*(Fj) = 0. The map of pull-back 

q*:V^iX,)-.V^-^^iZ) 

is a continuous linear operator. By this and Lemma r4.1.2l the map [0 7 -5*0] is a continuous 
linear operator V°°{Xi) — > V^^p^(Z). Thus in order to finish the proof of the theorem it 
remains to show that the product 

is a separately continuous bilinear map. For this it suffices to check that the pairs of sets 
(0,Fi) and (0,F2) satisfy the conditions fl3XTD -f l3X5D . The conditions fl3XTD -f l3:01) are 
satisfied trivially in this case. 

Let us check (I3.6.5P . It is easy to see that this condition is equivalent the following general 
claim. 

4.1.3 Claim. If Xi ^ Z ^ X2 is a double fibration, then the sets Z Xx-^ Pxi and Zxx^ Px2 
intersect transversally in Fz- 
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Let us prove the claim. It is equivalent that the sets Mi := Z x^^ (T*Xi\0) and M2 := 
Z (T*X2\0) intersect transversally in T*Z. 

Let us fix a point A e Mi n Mg. We have to show that T^Mi + T^Ms = Ta{T*Z). Let 
us denote by F the only fiber of the natural projection T*Z — > Z which contains A. Since 
gi, q2 are submersions we have 

TaF + TAMi = TA{T* Z), I =1,2. (4.1.12) 

On the other hand since qi x Z — > Xi x X2 is an imbedding 

TaF C T^Mi + T4M2. (4.1.13) 

Prom fl4.1.12p and fl4.1.13p we conclude that T^Mi + T4M2 = Ta{T*Z). Hence Mi,M2 are 
transversal and Claim 14.1.31 is proved. 

Hence the condition fl3.6.5p is proved, and Theorem 14.1.11 as well. Q.E.D. 

In order to formulate the second main result let us introduce more notation. For j = 1,2 

let 

Pj : Z xx, Px, Px,, tj ■■ Zxx^ Px, ^ Pz 

be the obvious maps. 

4.1.4 Theorem. Let Xi ^ Z ^ X2 he a double fibration. Assume in addition that 
Tzxx,Px,^z and Z2*p;(T*PxA0) are disjoint subsets ofT*Fz. Let 7 G 1/~(Z). 

(1) If qi is proper then the map V°°{X2) — > V~°°{Xi) defined in Theorem \4-i-i\ by 
[ip ^ qi*{l ■ ^'2^^)] extends (uniquely) to a continuous linear operator 

V-°^{X2) V~°°{Xi) 

when both spaces are equipped with the weak topologies. 

(2) If q2 is proper then the map [(f) q2*{l ■ Q'l^)] is a well defined continuous linear 
operator 

V°°{Xi) V°°{X2) 
when both spaces are equipped with their usual Frechet topologies. 

4.1.5 Remark. Below in Proposition 14.1.61 we will show that the assumptions of Theorem 
14.1.41 are satisfied provided that the natural projection T^{Xi x X2)\{0} — > T*X2\{0} is a 
submersion. 



Proof of Theorem 14.1.41 Let us start with part (2). By Theorem 14.1.11 we have a 
separately continuous bilinear map V°°{Xi) x V^{X2) — > C given by 

{^,ip) ^ / (gi0-7) -g^^. 



First let us show that the last map extends (uniquely, of course) to a separately continuous 
bilinear map 

V°°{Xi) X V-'^{X2) C. 
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Let us denote for brevity 

A := q;{T*X2\0), T := t2.p;{T*¥xM)- 

Also as above in this section we denote F,- := (T^^ p IPz)\0- In this notation for any 

ijj e V~°^{X2) we have ggV^ G V^^(Z). Also it is clear that TTz*(rj) = 0. Hence by Lemma 
14.1.21 the map V°°{Xi) — > V^-^{Z) given by 7 ■ is continuous. 

Thus it suffices to show that the pairs of sets (A, F) and (0,Fi) satisfy the conditions 
fl3.6.1l) - fl3.6.5p . Explicitly in this case they mean: 

Ans(0) = 0, (4.1.14) 

rns(7r^0) = 0, (4.1.15) 

Fi n s(7r^A) = 0, (4.1.16) 

if {z, [^1], Ml, 0) G Fi and {z, [^],u, 0) G F then ui ^ -u, (4.1.17) 
if {z, [^]) G Pz, iu,Vi) e ri|(^,[5]), and {-u,r]) G F|(^j_^]), then 

de*iO,r],,v) 7^ (0,1,-1) e T(;k],k])(Pz x^Pz) (4.1.18) 

where d: Fz XzFz -^Fz X z^z is defined by e{z, [Ci], [C2]) = [z, [Ci], [-(2])^ 

The conditions 04.1.141) . 04.1.151) are satisfied trivially. The conditions 04.1.161) . 04.1.171) 

are satisfied since Fi contains no elements of the form [z, [C,i],ui,0). The condition 04.1.181) 

easily follows from our assumption Fi fl F = 0. 
Thus we got a continuous bilinear map 

V^iXi) X V-^{X2) C. 

By duality it induces a continuous bilinear map V°°{Xi) — > V°°{X2) where the target space 
is equipped with the weak topology. It remains to prove the continuity of this map when 
the target space is equipped with the usual Frechet topology. Let us denote temporarily 
this map by R. Since V°°{Xi) and V'^{X2) are Frechet spaces, by the closed graph theorem 
(see e.g. [21], Ch. VI, §3, Thm. 8) it suffices to show that R has a closed graph. Assume 
that a sequence (pN — in V°°{Xi), and R{(Pn) — > "0 in V°°{X2). Since R is continuous is 
the weak topology, it follows that = R{(f)). Hence the graph of R is closed in the Frechet 
topology. Part (2) is proved. 

Let us prove now part (1). By Theorem 14.1.11 we have a separately continuous bilinear 
map 

v;~(Xi) X v°^{X2) c 

given by (0, -0) ^— ^ gj'0 ■ (7 ■ ^2^^). We have to show that this map extends (uniquely) to a 
separately continuous bilinear map 

V,^{Xi) X V-^{X2) C. 

First observe that if 0,-0 are smooth then g^0 G Vff^{Z), q^ip G V^^{Z), and by Lemma 

gt0 ■ 7 e 7 ■ 92*V^ e V,-^^{Z). 
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Hence for smooth 0, ip the products (gjf^ ■ 7) ■ gjV' and qlcp ■ (7 ■ ^2^^) are defined and are equal 
to each other by the associativity proven in [9], Theorem 8.3. In particular 

ql<P ■ (7 ■ q;^) = [ {ql<P ■ 7) ■ q*2i^- (4.i.i9) 

Thus it suffices to show that the right hand side of (I4.1.19P extends to a separately continuous 
bilinear map V^{Xi) x V^°°{X2) — > C. To prove it, it suffices to show that the pairs of 
sets (A, r) and (0, satisfy the conditions fl3.6.1l) - fl3.6.5p . But this has been proven in the 
proof of part (2) of the theorem. Q.E.D. 

Now we would like to give a sufficient condition on a double fibration implying the 
assumption of Theorem 14.1.41 Recall that Z G Xi x X2 is a closed submanifold. Consider 
the conormal bundle T|(Xi XX2) C T*XixT*X2. Since gj's are submersions, the projections 
T|(Xi X X2) T*X,, i = 1, 2, map T^{Xi x X2)\0 to T*Xi\0. We are going to prove 

4.1.6 Proposition. Assume that the double fibration Xi ^ Z X2 satisfies that 

T|(Xi X X2)\o r*X2\o 



is a submersion. Then the assumption of Theorem\4-. 1-41 is satisfied, namely 



Tz.^,F^/z) nz2.p*2{T*FxA0) = 0. 

Proof. The map T^{Xi x X2)\0 — > T*X2\0 is a submersion if and only if the induced 
map 

F+{T*{X,xX2))-^Fx, (4.1.20) 

is a submersion. 

By Claim 1^1. 3l the submanifolds Z Xxi and Z Xx2 intersect transversally in Fz- 
Let us denote their intersection by C. We claim that the restriction of the obvious projection 
P2- Z Xx2 Fx2 — ^ IPx2 to C is a submersion. For consider the map 

J:¥4T*{XixX2))-^Zxx2 Px, 

given by J{z, [^1 : ^2]) := {z, [^2])- It is easy to see that the image of J is equal to C, and J 
is a diffeomorphism 

J:P+(r|(XixX2))^C. 

Moreover the composition 

P+(T|(Xi X X2)) ^ Z xx2 Fx2 ^ Px, 

coincides with the map (14.1.201) which, by the assumption, is a submersion. This implies 
that the restriction of p2 to C 

P2\c:C-^¥x2 

is a submersion as we wanted. 
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Let us fix now a point A eC. Let us denote 

E ■= TaFz, 
Li ■.= Ta{Z^x, PxJ, ^ = 1,2. 

Since Z and Z '^X2 are transversal, one has 

Li + L2 = E. (4.1.21) 

Obviously the fiber of Tl^^^p^^P^ over A is 

It is easy to see that the fiber of i2*P2(^*^Px2) over A is equal to 

{Ker{dp2: L2^T^,i^A)^x,))^ ■ 
Thus to prove the proposition we have to check that 

Li + Ker{dp2 : Tp,^A)^x,) = E. (4.1.22) 

Since, as we have proven, P2\c'- C — > is a submersion, and obviously TaC = Li fl L2, the 
map 

is onto. To prove (14.1.221) let us fix an arbitrary element x & E. By (14.1.211 ) there exists a 
presentation x = I1 + I2 with U G Lj. By the surjectivity of dp2\i^^^i^^, there exists r G Li nL2 
such that 

dp2{l2) = dp2{T). 
Set k := I2 — T E Ker{dp2\L2)- We have 

X = (/i + r) + A; G Li + _ft'er((ip2|L2)- 

Thus (14.1.221) is proved. Hence the proposition is proved. Q.E.D. 

Theorem 14. 1 .41 and Proposition 14 . 1 . 61 imply immediately the following corollary which we 
would like to state separately since it will be used in this form in the applications. 

4.1.7 Corollary. Let Xi ^ Z ^ X2 he a double fibration. Assume that the projection 
T|(Xi X X2)\0 — > T*X2\0 is a submersion. 

(1) If qi is proper then the map V°^{X2) — > V^'^{Xi) defined by Theorem \4.L1\ as 
[ip ^ Qui'j ■ ^2'^)] extends (uniquely) to a continuous linear operator 

V-°°{X2) V~°^{Xi) 

when both spaces are equipped with the weak topologies. 

(2) If q2 is proper then the map [(f) \—>- g2*(7 ■ qi4')] is a well defined continuous linear 
operator 

v^ix^) y°°(X2) 

when both spaces are equipped with their usual Frechet topologies. 
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4.1.8 Example. Let us give some examples of double fibrations satisfying the assumptions 
of Corollary HXTl 

(1) Let X = M". Let Y = AGr^^n be the Grassmannian of affine /c-dimensional subspaces 
in M", < k < n. Let Z be the incidence variety, i.e. 

Z := {(x, i7) G R" X AGrk,n\ x G H}. 

Then X = R" ^ Z AGr^ n = Y with the obvious projections gi, q2 is a double fibration, 
and the map 

T*{x X r)\o r*x\o 

is a submersion. 

(2) The next example will be particularly important in Section 14.31 Let X = MP" 
be the real projective space, i.e. the space of real lines in M""*"^ passing through 0. Let 
Y = MP*^^ be the dual projective space, i.e. the space of real hyperplanes in R""*"^ passing 
through 0. Let Z := {{l,H) G RP" x RP"+^| I c H} he again the incidence variety. Then 
X = MP" ^ Z ^ RP"V = Y is a double fibration, and both projections 

T*{X X F)\0 T*X\0, T*{X x r)\0 T*Y\0 

are submersions. We will prove in Appendix that this double fibration satisfies the assump- 
tions of Corollary 14.1.71 

(3) The example (2) can be generalized as follows. Let K be either M, C, or H (where 
EI denotes the non-commutative field of quaternions). Fix natural numbers k,m,n such 
that < k ^ m < n. Denote by ^Gr^^n the Grassmannian of K-linear subspaces in K" of 
K-dimension k. Let X ='^Grfc „, Y = ^Grm,n- Let Z be the incidence variety again. Then 
X ^ Z y is a double fibration. If A; = 1 or n — 1 then the projection 

T|(X X F)\0 T*X\0. 

is a submersion. We refer to Appendix for the proof of this fact. 

(4) Let X (resp. Y) be the Grassmannian of affine K-subspaces in K" of K-dimension k 
(resp. m). Assume that = 1 or n — 1, and k ^ m,l < m < n. Let Z be the incidence 
variety. In this case all the properties of the corresponding double fibration remain the same 
as in the previous examples. 



4.2 Relations to the Gelfand style integral geometry. 

In this section we describe the explicit relation between the Radon transform on valuations 
introduced in Section Wl] and the classical integral geometry in the spirit of Gelfand's school 

m- 

In a rather general setting, the Gelfand style integral geometry can be described as 
follows. For brevity we will denote by Ai°°{X) the space of smooth densities (i.e. smooth 
measures) on a manifold X. Let 



58 



be a double fibration. Assume that q2 is proper. Let us fix a smooth density m on Z. 
Consider the following operator 



given by 



RU) ■.= q,4m-qlf) 



(4.2.1) 



where ql is the usual pull-back of functions, and g2* is the usual push-forward on densities. 
Since q2 is a submersion the image of R lies in smooth densities, and i? is a continuous linear 
operator. 

All classically known Radon transforms on functions have such a form, e.g. the classical 
Radon transform over hyperplanes in R" or in projective space MP", and the Radon transform 
for a pair of Grassmann manifolds [L9\. In classical situations the manifold Z is often certain 
incidence variety acted by a Lie group in a transitive way, and m is a Haar measure. 

In the above high generality we know only one non-trivial result [20]. Let us state a 
consequence of it. Let us assume that all the manifolds Xi,X2,Z are compact. Assume 
moreover that the projection 



is an injective immersion. Assume finally that the density m on Z is strictly positive every- 
where. Then the Radon transform R has a finite dimensional kernel. 

Now let us show that the general Radon transform on functions (14.2.11) can be considered 
as a special case of the general Radon transform on valuations from Section 14. 1[ 

First let us recall that the space of smooth densities A4°°{Z) is a subspace of smooth 
valuations V°°{Z). Thus we may consider the density m as a valuation. Using Theorem 
14.1.11 consider the operator 



where now g* and q2* denote the pull-back and push-forward on valuations. 

Recall that V°°{X2) has a closed subspace Wi(y'^{X2)) such that the quotient space 



V°°{X2)/Wi{V°°{X2)) is canonically isomorphic to C°°{X2). Moreover by Proposition 13.3.51 

qUW,{V'^{X2))) C W^iV-°^iZ)). 



T*(Xi X X2)\0 T*X2\0 



R': V°°{Xi) -> V'°°{X2) 



given by 



i?'(0) := q2*{m ■ qlcj)) 



(4.2.2) 
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Next by [6], equality (7.3.1), M°°{Z) ■ Wi{V-°°{Z)) = 0. Hence the operator R' admits a 
unique factorization 




It is easy to see that the operator R" takes values in smooth measures A^°°(y) C V 
and coincides with the classical Radon transform R on functions fl4.2.ip . 



4.3 Relations to the integral geometry of constructible functions. 

Let us discuss first the integral geometry of constructible functions in the general setting. 
The notion of constructible function may have slightly different meanings in various contexts; 
but the general ideas are the same, though the technical details may be different. 

It is convenient to work sometimes with functions on real analytic manifolds constructible 
in subanalytic sense. This notion is somewhat different from constructible functions discussed 
in the introduction, and we will not use it in fact in any non-trivial way in this article. It is 
presented only in order to describe some relevant known results. We remind the definition 
following [23], Ch.9. Let X be a real analytic manifold. For the definition of a class of 
subanalytic sets see e.g. [25], §8.2. 

4.3.1 Definition ([25], §9.7). An integer valued function f:X — ^ Z is called constructible 
if 

1) for any m G Z the set f^^{m) is subanalytic; 

2) the family of sets {f^^{Tn)}m& is locally finite. 

Clearly the set of constructible Z- valued functions is a ring with pointwise multiplication. 
As in [22] we denote this ring by CF{X). Define 

T'"^{X) := CF{X) ®z C. (4.3.1) 

Thus T°''^{X) is a subalgebra of the C-algebra of complex valued functions on X. The 
elements of JF""(X) will be called constructible functions. 



Let f : X — > y be a real analytic map of r( 
pull-back map 

/*: J^''"(y) - 

preserving the class of constructible functions 
push-forward map 

/*:^''"(X)- 



1 analytic manifolds. We have the obvious 
If the map / is proper then we have the 
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which is uniquely characterized by the following property: for a subanalytic subset P C X 
one has 

Mlp)iy)=xiPnf-\y)) 

for any y eY . One can show that maps constructible functions to constructible ones, (see 
[25] . §9.7). This push-forward map /* on constructible functions is also called integration 
with respect the Euler characteristic along the fibers of /. In particular if y is a single point 
is called the integral of with respect to the Euler characteristic and is denoted by 0. 

Let us return now to integral geometry. Let Xi ^ Z ^ X2 be a double fibration when 
Xi,X2,Z are real analytic manifolds, and qi,q2 are real analytic maps. Assume that q2 is 
proper. Then we have an operator on constructible functions R: JF""(Xi) — > T°''^{X2) given 
by 

i?(0) := g2*gt0 

which is another version of the Radon transform. 

As far as we know this type of transforms (e.g. the inversion problem) in a slightly 
different context of complex algebraic constructible functions on the complex projective space 
CP" was studied by Viro [36] . For real projective space MP" and for functions constructible 
in a more restrictive sense the problem was studies by Khovanskii and Pukhlikov [26] . Let us 
discuss their inversion formula in a slightly greater generality of constructible functions in the 
sense of Definition 14.3. II as it was obtained in [31]. Let MP" denote the real projective space, 
i.e. the space of real lines in M""*"^ passing through zero. Let MP""^ be the dual projective 
space, i.e. the space of linear hyperplanes in M""*"^. Let Z be the incidence variety, i.e. 

Z := {(/, H) G MP" X MP""^! / C H}. 

We have the natural double fibration 

MP" ^ Z ^ MP""". (4.3.2) 

The following inversion formula was proved by Khovanskii-Pukhlikov [26] for more re- 
strictive class of constructible functions; in the present form it was proved by Schapira [34j . 

4.3.2 Theorem. Let R := ^2*^1*: .F""(MP") JF"«(MP"V) ^/^g Radon transform. Con- 
sider the (dual) Radon transform 

Rt ■- q^^q*: jr«"(KP"^) J!^'^"(MP"). 
Then for any constructible function G JF'^"(MP") one has 

i-ir-'R'R{<P) = + ^((-1)"-^ - 1) ■ / 0. (4.3.3) 

4.3.3 Remark. In particular if n is odd then the Radon transform R is injective, and (14.3.30 
is the inversion formula. If n is even then the kernel of R consists precisely of the constant 
functions. 
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Now we will discuss a valuation theoretic generalization of Theorem 14.3.21 which is the 
main result of this section. By Corollary 14. 1 . 7( 1 ) and Example 14 . 1 . 8 1 we have the continuous 
linear operator R on generalized valuations 

R ■= q^^ql: \/-°°(MP") ■l/-°°(RP'^V). 

(Here we just take the kernel 7 to be equal to the Euler characteristic x-) Note that by 
Corollary 11X71^2) R maps smooth valuations to smooth ones: R{V°°{WF'')) C 1/°°(]RP"^). 
Similarly we define 

Rt ■= q^^q*; \/-°°(MP"V) _^ '\/-°°(MP") 

which is also continuous and maps smooth valuations to smooth ones. We have 

4.3.4 Theorem. For any generalized valuations G y^°°(]RP") one has 

i-ir-'R'm = <!>+ h{-ir-' -i)(f A-x. (4.3.4) 

In particular ifn is odd then the Radon transform R is injective, and ^-3.4^ is the inversion 
formula. If n is even then the kernel of R consists precisely of the multiples of the Euler 
characteristic x- 

In order to prove Theorem 14.3.41 we will need some preparations. Below we will denote 
for brevity MP" by P'^, and RP""^ by P'^^. Let 

r: M"+i\0 -^P" 

be the natural map. 

4.3.5 Definition. A subset K C P" is called convex if 

(i) there exists a convex cone K C R""*"-^ such that r(i^\0) = K; 

(ii) there exists a hyperplane if C P" such that H (1 K = ^. 

4.3.6 Remark. Equivalently, a subset K C P"^ is convex if and only if there exists a 
hyperplane if C P" which does not intersect K, and ii' is a convex subset in the usual 
(affine) sense of affine space P"\ii ~ R". This condition does not depend on a choice of H 
due to equivalence to Definition I4.3.5[ 

4.3.7 Definition. A closed convex subset i^ C P*^ with non-empty interior is called strictly 
convex if 

(i) dK is smooth; 

(ii) dK has a strictly positive Gauss curvature when K is considered as a subset of an 
affine space F"'\H, where if is a hyperplane not intersecting K. 

It is easy to see that the last definition is independent of a choice of hyperplane H. 



62 



The dual projective space P"^ can naturally be identified with the projectivization of the 
the dual space (M"+^)*. It can be identified with the set of hyperplanes in P*^. Denote by 

the natural map. 

For a convex compact subset K C P" let us define the dual set K"^ C P"^ as follows. 
Let K C M""*"^ be a closed convex cone satisfying r{K\0) = K. K is defined uniquely up to 
multiplication by —1. Consider the dual cone in (M""*"^)* 

K° ■= e ^{x) > Va; G K}. 

Define 

K"" :=r^(ir°). 

If K has non-empty interior then K"^ is also convex in the sense of Definition I4.3.5[ In this 
case {K'^y = K. It is easy to see that the dual of a strictly convex set is strictly convex. 

The following another description of will be useful. Assume that K has non-empty 
interior. Then K"^ is equal to the set of hyperplanes which do not intersect the interior of 
K. 

Before the proof of Theorem 14.3.41 we will prove the following technical proposition. 

4.3.8 Proposition. Let K G F"^ be a closed convex set. Then 

where int{K^) denotes the interior of K"^ . 

4.3.9 Remark. By the abuse of notation we denote by Hp the map defined not only on 
the space J^{X) of finite linear combinations of indicator functions of compact submanifolds 
with corners, but on the larger space when finite linear combinations of convex compact sets 
are added (for them the notion of normal cycle is well defined too). The non-trivial results 
from the previous sections will be applied for indicator functions of convex sets with smooth 
strictly convex boundary. Thus this generalization of the map H-p is purely formal. 

Proof of Proposition [473.81 Step 1. Let us show that it is enough to prove the state- 
ment for dK being smooth strictly convex. 

For a closed convex set K there exists a sequence {Kj} of strictly convex sets which 
converges to K in the Hausdorff metric. Then it is easy to see that Kj — > K'^ in the 
Hausdorff metric. But then 

E-p{tK,)-^ri^K) in (P"), 
Sp(]l^v) Sp(]l^v) in \/-~(P"^). 

But for a compact convex set B C P"^ with non-empty interior, B G ^(P"^), one readily 

has 

Sp(]lpnv\j„i(B)) = X — o- (Sp(]1b)) 
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where the operator a: V °°(P"V) — ^ y ooj^pnv^ jg ^ continuous hnear operator introduced 
in [B] called the Euler-Verdier involution. Hence 

Thus since R: 1/~°°(P") — > \/~°°(P"^) is continuous in the weak topology we may assume 
that dK is smooth and strictly convex. 

Step 2. R{E'p{1.k)) vanishes on int{K^). Indeed since int{K^) consists of hyperplanes in 
P" not intersecting K, then qi^{K) n q^^^int^K'^)) = 0. 

Step 3. Let us show that the restriction of RiE-p^lx)) to the open set F"''^\K'^ is equal 
to X- 

First let us show that 

q2 : qi\dK) n q^\f"''' XK^" ) P"^\ir^ (4.3.5) 

is a submersion. Let us fix xq G dK, Hq G P"^\if^ such that xq G Hq. Let us denote by 
Ai the tangent space of P" at xq, A2 the tangent space of P""^ at Hq, B the tangent space 
of dK at Xq, C the tangent space of Z at {xq, Hq), and D the tangent space of qi^{dK) at 
(a;o,i^o)- Then we have 

BcA.'^c'^ A2, 
Dec. 

We want to show 

dq^iD) = A2. (4.3.6) 
But clearly D = {dqi)^^{B). Denote also F := Ker{dq2). Then fl4.3.6p is equivalent to 

{dqi'){B)+F = C. 

This is equivalent to 

B + {dq,){F) = A,. (4.3.7) 

But F is the tangent space at i^o of the fiber g^^(ifo)- Hence {dqi){F) is the tangent space 
of gi(g^^ifo) at xq. But obviously 

qi{q2'HQ) = {x G P"| X G Hq} = Hq. 

The condition (14.3.71) means that the hyperplane Hq is transversal to dK at xq. But it is 
easy to see that any hyperplane Hq G P"'^\i^'^ is transversal to dK since K is convex. Thus 
we have shown that the map (14.3.5^ is a submersion. 
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This implies that for any point H G P^^yi^"^ there exists a neighborhood U of H, a. 
neighborhood V of q^^{K) fl q^^iJA) such that V C q^^iJA), and a diffeomorphism 

0: V^W X 

such that ^(^^^^(ir) fl q2^{U)) = U x B where B C M"~^ is the closed unit ball, and such 
that the following diagram is commutative: 

V U X M"-i 




where pk: U x M"^^ — > U is the natural projection. Then Proposition 13 .3 .41 and Lemma r3.6.4l 
imply that the restriction of g2*q'i(Sp(]lE-)) = g2*(Sp(]l^-i(^))) toW is equal topi^^,(Sp(]lj^xB)) = 
x{B) ■ X = X- Hence the restriction of i?(H-p(lx)) to P'^^\i^^ is equal to x- 

Step 4. Now let us fix a point iJ" G dK"^ , and show that the restriction of i?(S-p(]l/^)) to 
a small neighborhood of is equal to Sp(]lpnv\j„i(^v)). 

Let K C M""*"^ be a closed convex cone over K. We can choose a coordinate system 
{(xi, . . . , in ]R"+^ such that the hyperplane {(xi, . . . , x„, 0)} intersects only at 0, 

and such that the point (0, . . . , 0, 1) G int{K). 

Let {yi, . . . , ?/„+i} be the dual coordinates in (R"+^)*. The the dual cone K° is given by 

rt+l 

k° = {{yi, . . .,yn+i)\ "^Xiyi > for all {xi, . . .,Xn+i) G K}. 

i=l 

It is clear that if {yi, . . . ,yn+i) G K°\{Q} then yn+i > 0. In particular the hyperplane 
{{yi, . . . ,yn,0)} intersects K° only at 0. 

Thus we have shown that K is contained in the affine chart of P" given by {[xi : ■ ■ ■ : x„ : 
1]} in homogeneous coordinates, and K"^ is contained in {[yi :■■■:?/„: 1]}. We will identify 
both these charts with M" using the coordinates (xi, . . . ,x„) and (yi, . . . ,?/„) respectively. 
In these coordinates 

(0,...,0) GiT, 

n 

K"^ = {{yi, ...,yn)\ "^Xiyi > -1 for all (xi, . . . ,x„) G K}. 

i+l 

Notice that —K'^ = {{yi, . . . ,?/n)| Yl^+i^iVi — ^ ^^r all (xi, . . . ,x„) G K} is the dual 
body of K in the usual linear sense. 

We will reduce our statement to Proposition 13 . 6 . 51 applying certain appropriate diffeomor- 
phism. More precisely we will show that there exist a neighborhood U C P"^ of an arbitrary 
fixed point G dK"^ , a neighborhood V of q^^{K) fl q^^iU) such that V C q^^iU), and 
open imbeddings 

0: V ^ X M"-\ 
^ : W ^ M" 
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such that the following two conditions are satisfied: 
(1) the diagram is commutative: 



pn— 1 



Q2 



P 



U 



on— 1 



with smooth strictly 



where p: x M" — > M" is the projection onto the first factor; 

(2) ^(/r) n q2^{l^)) =: A is a closed convex subset of M" x 
convex boundary, and the restriction is proper. 

Clearly if we will show the above, Proposition 13 . 6 . 51 finishes the proof of our proposition. 



For e > let us consider the map 

(f)i: OK'' X {-e,e) -^W (4.3.8) 

given by 0i(s,t) := (1 + t)^^s. Clearly 0i is a diffeomorphism onto an open neighborhood 
of dK"^ in for e small enough. 

For any point s G dK"^ there exists a unique point x G dK such that < s,x >= —1. This 
defines a map 

$ : dK"^ dK 

which is a diffeomorphism since dK is strictly convex. For y G M"\{0} let us denote the 
hyperplane 

n 

Hy := gM"| ^Xiyi = -1}. 

1=1 

If H = 4>i{s,t), s G dK"^, t G (-£,£:), then a; G if^ if and only if 

< s,x >= -(1 + (4.3.9) 

For s G dK"^ belonging to a small neighborhood of the fixed point G dK^ let us 
choose a basis ^i(s), . . . ,,^„_i(s) of which depends smoothly on s. Then any x G if0^(s,t) 
has a decomposition 

n-l 

^ = Y.^ji3{s) + {l + t)^{s) (4.3.10) 
i=i 

with Aj G M (the coefficient of $(s) is equal to 1 + t due to (14.3.91) ). Hence on the incidence 
variety Z near the pair ($(i^°), H^) we have a coordinate system given by (s; Ai, . . . , A„_i; t). 

Let us describe the set gf^(fC) in these coordinates. For any s G dK"^ there exists a 
unique function 

: M 
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such that near $(s) we have 

K = {h- r$(s)| hes^,T> Fs{h)}. (4.3.11) 
This function Fg is C°°-smooth and strictly convex. Moreover the function 

F{s,h) ■.= Fs{h) 

is C°°-smooth on the set {{s, s G dK"^ , h G s^} near s = H^, h = 0. Also G is a 
critical point of Fg, and -^5(0) = —1. 

Assume we are given a pair {x, y) E Z C P" x P""^ corresponding to (s; Ai, . . . , An_i; t). 
Then x G K if and only if 

-t>i + FsEA,e,(s)). 

Indeed by fl4.3.10p x = E^i^i(s) + (1 + ^)'^(s)- Then by fl4.3.1ip . x G fsT if and only if 
-{l + t)>Fg{j:X,^,{s)). 

Now let us denote for brevity 

Gs{\i, . . . , A„_i) := 1 + A,0(s) j • 

Thus we have shown that in the above coordinates on Z near (0,i/0) the set q^^K) IS given 
by 

q^\K) = {(s; Ai, . . . , A„_i; t) G SiT^ x M""^ x M| - t > ^(Ai, . . . , A„_i)}. 

It is clear that the map (s, Ai, . . . , A,„_i) Gs{Xi, . . . , A„_i) is C°°-smooth, and when s 
is fixed the function Gs is strictly convex. In particular for fixed s, Gg is a Morse function. 
Notice also that Gg has a minimum at G M'^"^, and Gs{0) = 0. 

By the Morse lemma with parameters (see e.g. [H], p. 97) there exists a C°° map 

D : dK^ X Sir'' X M"-^ 

of the form /^(s; /ii, . . . , /^n-i) = (s; Ai, . . . , A„_i) such that for s close to the map M""^ — > 
]^n-i giygn by (/ii, . . . , /i„_i) ^ -D(s; /ii, . . . , /i„_i) =: Ds{fii,. . fin-i) is a diffeomorphism 
of a neighborhood of G M"^^, and 

{Gs o L',)(/il, . . . , /i„_l) = /ii + ■ ■ ■ + 

In the new coordinates defined by 

(s;/ii,...,/i„_i;r) := {s; D;\Xi, . . . , X^-i); -t) 
the set qi^{K) is locally given by 

q^\K) = {(s; /ii, . . . , fin-i] T)\se OK^ , r > /i? + ■ ■ ■ + /i^.J. 
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Moreover in these coordinates the map q2'- Z — > P"^ is given by 

g2(s; /ii, . . . , r) = 0i(s, -r). 

Let us fix a coordinate system {(si, . . . , Sn_i)} on dK"^ near such that (0, . . . , 0) corre- 
sponds to H^. Finally let us introduce the last our coordinate system {(si, . . . , s„_i; /ii, . . . , /i„_i; r)} 
on Z near H^) when r is defined by 

n-l 

i=i 

Then {(si, . . . , s„_i; r)} is a coordinate system on P"^ near H^. Then is given by 

n— 1 n— 1 

gri(ir) = {(si,...,s„_i;/ii,...,/i„_i;r)|r > + (4.3.12) 

i=i i=i 

and the map q2 is given by 

g2(si, . . . , s„_i; /ii, . . . , /i„-i; r) = (si, . . . , s„_i; r). (4.3.13) 

Thus the formula (14.3.121) defines a Euclidean ball in M^*^"^, and the map q2 given by (14.3.131) 
is just a projection. This coordinate system gives the maps 0, as promised in the beginning 
of Step 4. Hence Step 4 is completed. 

Steps 1-4 imply Proposition 14.3.81 Q.E.D. 

Proof of Theorem 14.3.41 The linear operator 

R^R: •1/-°°(P") — > r-°°(P") 

is continuous in the weak topology. It is not hard to see (as in [6], Section 8.1) that lin- 
ear combinations of valuations of the form ^^^(llft:), with C P" being a compact convex 
polyhedral subset, are dense in V~°°(P"). Hence it is sufficient to prove the inversion for- 
mula (I4.3.4P for such valuations. By Proposition 14.3.81 the operators i?, i?* coincide on such 
valuations with the Radon transform on constructible functions with respect to the Euler 
characteristic. Note also that again by Proposition 14.3.81 the operator R maps valuations 
of this form on P" to valuations of this form on P"^: indeed if C P" is a compact con- 
vex polyhedral subset then the dual is also compact convex and polyhedral. But by 
the Khovanskii-Pukhlikov theorem [20] the formula (I4.3.4p is satisfied for the integration of 
constructible functions with respect to the Euler characteristic. Q.E.D. 

4.4 Relations to the Crofton style integral geometry. 

In this section we explain the relation of operations on valuations to yet another classical 
kind of integral geometry. However the exposition in this section is less formal and rigorous 
than in the rest of the article. 
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Let us remind the classical Crofton intersection formula and the general kinematic for- 
mulas of Chern [TB]. (For the Crofton formula we refer to Schneider's book §4.5; for 
the kinematic formulas see also Santalo's book [33] and references therein.) 

First we will need to remind the notion of intrinsic volume. Consider the standard 
Euclidean space M". Let M C M" be a compact submanifold with corners. For e > let 
us denote by the e-neighborhood of M (or e-tube in some terminology). For sufficiently 
small £ > the volume of is a polynomial of degree n with respect to e: 

n 

r;o/(M,) =^£"-V„_,\/,(M) 

where Kj is the j-dimensional volume of the j-dimensional unit ball. The coefficient ViiM) 
is called the i-th intrinsic volume of M. It is not hard to see that Vi is a smooth valuation. 
Vo is the Euler characteristic, and Vn is the ra-dimensional volume. But the most surprising 
property of Vi is due to H. Weyl [37]; it says that Vi{M) is independent of an isometric 
imbedding of M into M". It fact Vi can be written in terms of the curvature tensor of M 
(see Weyl's paper [37], see also [21]). 

Let us denote by Oin) the group of all affine isometrics of M". Let m denote the Haar 
measure on Oin) (we do not specify the normalization of it since we will not write down here 
the constants anyway). Let us denote by ^Gr^^n the Grassmannian of affine /c-dimensional 
subspaces in M". The group Oin) acts transitively on it. Let [i denote a Haar measure of 
it with respect to the action of the group 0(n). Then the Crofton intersection formula says 
that 

I V.iM n E)dii{E) = a,^k,nVn+i-k (4.4.1) 

where ai,fc,n depends on i, k, n only. 

The general kinematic formula of Chern [TB] says that for two compact submanifolds 
with boundary M, N one has 

[_V{M n g{N))dm{g) = V q,,, „\/,(M)V;+.-,(iV) (4.4.2) 

Jo{n) J 

where the constants Cjj-^„ depend only on i,j,n and can be written down explicitly. 

Let us explain how to rewrite the left hand side in the formulas of Crofton and Chern 
using the operations of pull-back, push-forward, and the product of valuations. 

Let us start with the Crofton formula. Let us denote by 

Z := {(x, E) e R" X AGvkJ xeE} 
the incidence variety. We have the double fibration R" ^ Z AGrk^n- Clearly qi is proper. 
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One can see the following formula 

ViiM n E)dfiiE) = (V, ■ quq*2fi) (M) (4.4.3) 



where the pull-back the push-forward gi*, and the product are taken in the space of 
valuations. 

Now to prove the Crofton formula (14.4. ip observe that the maps qi, q2 commute with the 
action of 0{n). Hence Vi ■quq2f^ is an 0(n)-invariant valuation. Moreover it is homogeneous 
of degree n + i — k with respect to M. But every such valuation is proportional to Vn+i-k- 

Let us return to the general kinematic formula (I4.4.2p . The left hand side of it can be 
rewritten as follows. Let us consider the double fibration 

R" ^ OH X M" A M" 

where p is the projection p{g, x) = x, and a is the action map a{g, x) = g{x). 

Vi{M n g{N))dm{g) = (p, (a*[Sp(]l^)] ■ [mMVi\)){M) (AAA) 

'0(n) 

where M in the right hand side is the exterior product on valuations introduced in Section [2j 
Observe that the operator [(f) ^ {a*(f) ■ {m Kl Vi))] takes values in 0(n)-invariant valuations. 

Finally we would like to rewrite in this language some integral geometric expressions 
in complex integral geometry. They are not fully understood and still under investigation. 
The case of the affine complex space C"^ is understood better (see [3], [13]), and we consider 
here the less studied case of the complex projective space CP". To introduce the complex 
version of the Crofton formula (actually only the left hand side of it, as the right hand 
side is still to be understood), let us denote by ^Gr^+i the Grassmannian of complex 
linear subspaces in C"^^ of complex dimension k + 1. Every element of it can be identified 
with the fc- dimensional complex projective subspace in CP". This Grassmannian is acted 
by the unitary group U{n + 1) in a transitive way. We will denote by /i a Haar measure on 
the Grassmannian. Let M C CP" be a smooth submanifold with boundary (or even with 
corners). In this notation, one would like to have a closed formula for 

/ ViiMnE)dii{E). (4.4.5) 
Let us consider the double fibration 

where Z := {{l,E) G CP" x^Grk+i^n+i\l- C E} is the incidence variety again. Then the 
integral fl4.4.5p can be rewritten as 

{V,-quqM){M). (4.4.6) 

This expression is an ?7(n + l)-invariant valuation on CP". The similarity with the expression 
fl4.4.3p in the Euclidean case is evident. 

Analogously the left hand sides of Crofton and kinematic type formulas can be written 
also on the complex hyperbolic space where they are also not well understood. 
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5 Appendix. 

In this appendix we prove that some pairs of the Grassmannians satisfy the assumptions of 
Corollary 14.1.71 (see Proposition 15. 1 .31 below) . 

Let K denote either M, C, or EI (where EI is the non-commutative field of quaternions). 
Let ^ be a K- vector space of K-dimension n. Let ^Grk denote the Grassmannian of K-linear 
subspaces in V of K-dimension k. Fix now fc, m with < < m < n. Let 

be the incidence variety, i.e. Z := {(/, H) \ I C H}. It is well known that there exist canonical 
isomorphisms 

Ti^Gr^) = Hom^il, V/l) = I* ®k V/l, 
TH^Grm) = HorriKiH, V/H) = H* ®k V/H. 

Notice that if K = H, we consider V, I, H as right K-vector spaces. Then 

r := Hom^{l,K)^Hom^{l,M) 

is a left K- vector space, and similarly for H* . 
For a point {l,H) G Z let us denote by 

p:V/l^ V/H 

the natural maps. 

5.1.1 Proposition. For {l,H) G Z the tangent space T(i^h)Z is naturally isomorphic to the 
space of pairs 

(e, T]) G Ti^Grk) © T^f Gr„) = HorriKil, V/l) © Hom^{H, V/H) 
which make the following diagram commutative 

I ^^V/l 

i V 

H V/H- 

Proof. Let us fix splittings 

H = l®A, 
V = H®B = l®A®B. 

Consider the open neighborhood of / (resp. H) consisting of subspaces which are graphs of 
K-linear maps 

A®B,{ resp. H B). 
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Given such 0: I — > A (B B, ip: H — > B, let us denote by G ^Gri^, ip G ^Gr-m the corre- 
sponding subspaces. The map has the form = (0^, 0^) with 

0a: I ^ a, (f)B: I ^ B. 

Then (p C ip if and only if for any x G / the vector (x, 0a (a;), (Pb{x)) belongs to the graph of 
■0. Namely there exists y = {z,a) & H = I (B A such that 

(x,0A(a;),0B(x)) = {z,a,ip{z,a)). 

Equivalently z = x,a = 4>a{x), and 

0^(x) = 0A(a;)) = ipix, Oa) + V^(0/, 0A(a;)). (5.1.7) 

In order to describe the tangent space T{i^h)Z we have to assume that 0, ■0 are infinitesimally 
small. Then in fl5.1.7p we have to neglect the summand ■0(0^, 0A(a;)) which has the second 
order of smallness. Thus infinitesimally small 0, ip satisfy 

(Pb{x) = ip{x, Oa) for any x E I. 

Equivalently 

p o (p = tp o i. 

This proves the proposition. Q.E.D. 

By Proposition 15.1.11 we have the short exact sequence 

T^i,H)Z (l* ®K V/l) © (H* ®K V/H) I* ®K V/H (5.1.8) 

where the third arrow is {idi* ® p) © {i* © —idv/n)- Let us describe now the fiber over 
{l,H) of the conorma/ bundle of Z <Z^Grk x^Grm- Clearly this fiber is equal to {T^i^h)Z)^. 
Observe also that (V/l)* = l^, {V/H)* = H^. Then taking the dual sequence of (15.1. 8p we 
immediately deduce the following corollary. 

5.1.2 Corollary. The fiber {T(i^h-^Z)-^ of the conormal bundle of Z G^Gr^ x^Gr^ over a 
point (/, H) G Z is canonically isomorphic to the image of the injective map 

W^H^ {I ©K l^) © {H ©K H^) 

where the map is {idi ®p*) © (i © —idjj±). 

Now we will prove the main result of this appendix. 

5.1.3 Proposition. Let k = 1 or n — 1. Let m ^ k. Then the natural projection 

/: T|f Grfc x'^Gr^)\0 T*f G'r,)\0 

is a submersion. 
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Proof. By taking the orthogonal complement if necessary, we may and assume that 
k = 1. Recall that 

T*f Gr,) = {(/, u)\l e'^Gn, uel®K l^}- 
By Corollary 15 . 1 . 21 we can identify 

T|f Grfc x^Gr^) ~ {(/, H,v)\l C H, v e I 0k H^}- (5.1.9) 

Then the projection / is given by 

f{l,H,v) = {l,{zdi(E)p*){v)) (5.1.10) 

where, we remind, idi ®k — > I (8>k is the natural imbedding. 

Let us denote for brevity 

^:=T|fGrfcX^GrJ\0, 
T := T*f Grfc)\0. 

We have the commutative diagram 

/ 

S -T 

92 

where gi,g2 are the obvious maps. Moreover all maps in this diagram commute with the 
natural action of the group GL{n, K). Since the last group acts transitively on^Gr^, it follows 
that f : S — i> T is a submersion if and only if for any (equivalently, for some) / G ^Grj. the 
restriction of / 

is a submersion. But for a fixed / G ^Gvk we have 

g^\l) = {{H, v)\HDl,ve{l(^K ^^)\{0}}, 

g^\l) = {l ®kI^)\{0}. 

Then the restriction of / to gi^{l) is given by 

f{H,v) = {zdi^p*){v). 

Let us denote by G C GL{n,K.) the stabilizer of I. Since = 1, G acts transitively 
on g2^{l). Moreover the map / commutes with this action. This readily implies that 
/I -i/A : gi^{l) — > g2^i^) is a submersion. Hence / is a submersion. Q.E.D. 
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